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Abstract— The concept of expanded dual hesitant fuzzy set is a concept that can be applied in decision-making problems. In decision-
making problems, expanded dual hesitant fuzzy set can be applied to represent the opinions of multiple experts or stakeholders in a
more elaborate manner. It enables decision-makers to provide more detailed information about their preferences and hesitancy.
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I. INTRODUCTION

The concept of Fuzzy sets [7] has been developed in extraordinary variations. One of the developments of the Fuzzy Set
concept is regarding hesitant fuzzy sets and their development, such as expanded hesitant fuzzy sets, dual hesitant fuzzy sets,
and extended hesitant fuzzy sets ([1], [2], [3], [9], [8]). Hesitant fuzzy sets explain that decision makers can provide more than
one degree of membership for each object in decision-making problems. An Expanded hesitant fuzzy set is known that the
decision maker gives the degree of membership for each object in the decision-making problem [3]. Extended hesitant fuzzy
sets explain that there are lots of possibilities from a membership degree that are defined by a bunch of decision-makers in the
decision-making problems [8]. The Dual hesitant fuzzy set explain that the decision maker can provide the membership degree
and non-membership degree for each object in the decision-making problem [9].

In 2018, Fatimah and Alcantud [5] proposed the new concept namely expanded dual hesitant fuzzy set. The concept of an
expanded dual hesitant fuzzy set is a combination of the concepts of an expanded hesitant fuzzy set and a dual hesitant fuzzy
set. In expanded dual hesitant fuzzy set explained that membership and nonmembership degree with decision maker that given
the membership and nonmembership degree for each object in decision making problem.

This research aims to examine the application of an expanded dual hesitant fuzzy set in the selection of investment
priorities in decision-making problems.

II. HESITANT FUZZY SET, EXTENDED HESITANT FUZZY SET, DUAL HESITANT FUZZY SET, EXPANDED HESITANT FUZZY SET,
EXPANDED DUAL HESITANT FUZZY SET.

In this section, we will review some related definitions introduced in the previous article, which form the basis for the
study in this article. Let X be a non-empty set.

Definition 2.1. ([4],[6]) 4 hesitant fuzzy set in X is a function hy: X — P*([0,1]). 4 typical hesitant fuzzy sets in X are function
hy: X = F*([0,1]), where P*([0,1]) is collection of the sets of all HFE and F*([0,1]) is collection of the sets of all THFE
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Definition 2.2. [8] An extended hesitant fuzzy element is a cartesian product of a hesitant fuzzy set, denoted by H(x), where
H(x) = hy(x) X ... X hy,,(x) where h;(x) is a membership set of x, where i = 1, ..., m.

Definition 2.3. [8] An extended hesitant fuzzy set of X is
He ={(x, Hx))|x € X} .

Definition 2.4. [9] Dual hesitant fuzzy elements are a pair d = (H,G) with H,G € [0,1] such that y* +n*t <1, y* =
sup {yly eH}, n* = sup{n|n €G}.

Definition 2.5. [9] Given dual hesitant fuzzy elements d(x) = (h(x), g(x)) for each x € X, then the dual hesitant fuzzy set of X is

D = {(x,h(x),g(x))|x € X}

Suppose P, = {1, ..., m} denotes a set representing m decision makers and X = {1, ..., m} denotes a set representing M
objects to be assessed by decision makers.

Definition 2.6. [3] An expanded hesitant fuzzy element of degree m is H,’\?ESD*([O,l] X ?(Pm)) ={Hi}|Hyt < [01] xP(B,)}
where P(B,,) = {C|C c B}, such as (a,C)(a’,C") € H}} witha = a' imply C = C'. An typical expanded hesitant fuzzy element
of degree m is &neP ([0,1] X P*(B,)) = {&mlém < [0,1] X P*(P,)}, where P*(B,) = {C|C < B, and C # @}, such as
(a,0)(a',C) eé&Fwitha=a implyC = C'.

Definition 2.7. [3] An expanded hesitant fuzzy set on X is Hif = {(x, H,{,,"(x))|x eX } where Hj} (x) is expanded hesitant fuzzy
element for each x € X. A typical expanded hesitant fuzzy set on X is H;| = {(x, & (x)) |x eX } where &} (x) is typical expanded
hesitant fuzzy element for each x € X.

Definition 2.8. [3] Let Hjf = {(a;, C;)}i=1,..; and vector of weight w = (w4, W, ... , wy,) where w;€[0,1] for each i and w, +
W, + -+ w,, = 1. The w-weighted score of H}; defined by

r (Hm) _@ W (HI) A (HI)++a; o' (HI) L(HED
WM W (HI) A4 (HJ)++ o (HP) L (HED

where
Lo ={) 0
l.( M) 1 , Ci — ¢
. Z(Uk,k € Ci ) Ci * @
2. Wl(HD ={ . .
O = Vninyey i}, Ci=0

Definition 2.9. [3] Let § = {64, ..., 0p, ...} be a monotone non-decreasing sequence of positive numbers. The (w, §)-sequence
score of Hj} defined by

a; W' (HJ) 81+ +a; o (HI}) &
w(HY) 81+ +w!(H}) 6

La),& (lerln) =

Definition 2.10. [5] A expanded dual hesitant fuzzy element of degree m is a pair d™ = (H™,G™), where H™ and G™ is a
expanded hesitant fuzzy element, with condition if (a,C)eH™ and (a’,C')eG™ thena + a' < 1.

Definition 2.10. [5] An expanded dual hesitant fuzzy set of degree m on X is D™ = {(x, hip (x),g,"f}(x))|x € X} where d™(x) =
(hi (x), gt (x)) is an expanded dual hesitant fuzzy element of degree m , for x € X.
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..........

(w1, Wy, ... , wy,) where w;€[0,1] for each i and w, + w, + -+ + w,, = 1. The w-weighted score of d™ defined by
Lgm = Ly(Hp) — Ly (Gr).

Definition 2.12. [5] Let § = {64, ..., Oyp, ... } be a monotone non-decreasing sequence of positive numbers. The (w, §)-sequence
score of d™ defined by

L6,dm = Lw,& (Hm) - Lw,6 (Gm)-

Definition 2.12. [5] Let d™ = (H,y,, G,,) and d™ = (H,,, G,,) be typical expanded dual hesitant fuzzy element. Select score L of
typical expanded hesitant fuzzy element. Define:

sam = L(Hp) — L(Gy),
Sqm = L(Hp) — L(Gp,),
pam = L(Hp) + L(Gyp),
Pam = L(Hp) + L(Gy).
1. When sqm > S,m so it can be said that d™ is superior than d™, denoted d™ > d™.
2. When s;m = S;m, then
a. d™ superior than d™when pgm > pym, denoted by d™ > d™; and
b. d™ equivalent than d™when pgm > pym, denoted by d™ > d™.
Based on Definition 2.8 and 2.9 then:
1. selectscore L = L, then sym = L m,
2. selectscore L = L, s thensym = L gm.
III. RESULT AND DISCUSSION
This section will give a case that can be represented as a form of Expanded Dual Hesitant Fuzzy Set.

Case. A husband and a wife want to invest considering the growth in wealth from each investment. There are three
types of investments considered by the husband and wife, namely gold, property and stocks. Type of investment denoted by
y; where { = 1,2,3 with gold denoted as y;, property denoted as y,, and stocks denoted as y;. Assumption of wealth growth
denoted by ¢;; where j = 1,2,3 with (;; indicating the type of investment i assuming wealth growth to j. Let the opinions of
the husband and wife are collected in the form of a typical expanded dual hesitant fuzzy element where for each y; and ¢;; the

husband and wife will provide an assessment based on how much they believe and do not believe that y; will have a wealth
growth of the size of ¢;; as follows:

dq1 = ({(0.6,{1,2)},{(0.1,{2}), (0.3,{1)}),
di, = ({(0.5,{1,2}), (0.6,[11},{(0.3,{1,2})}),
dyz = ({(0.3,{2}),(0.4,{1,2}), (0.5,{2})}, {(0.3,[1,2})}),
dz1 = ({(0.8,{2}}, {(0.1, {1))}),
da, = ({(0.3,{1,2}), (0.4,{1,2D)}, {(0.4, {1})}),
dzz = ({(0.8,{1)}, {(@,{1.2D}),
ds; = ({(0.1,{1}), (0.4, {2}, {(0.5, {11},
ds, = ({(0.7,{1,2}), (0.8,{11)}, {(0.1,{1,2})}),
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dsz = ({(0.5,{2D}, {(2,{1,2H}).
Application of Definition 2.11 produces the evaluation below. Let w = (0.5,0.5) and £ = L. Then,

ay wl(Hij) /11(Hij)+-~-+al (lJl(Hij) Al(Hij) _ ag wl(Gij) Al(Gij)+-~-+al wl(Gij) Al(Gij)

L =
d. .
3] wl(Hij) Al(Hij)+~"+wl(Hij) Al(Hij) wl(Gij) ll(Gij)+"'+wl(Gij) Al(Gij)
obtained
0.6:(0.5+0.5)2  0.1:0.51+0.3-0.5:1
Lg,, = : Y2 _ =04
11 (0.540.5)-2 0.5:140.5:1
0.5(0.5+0.5):24+0.6:0.5°1  0.3:(0.5+0.5)-2
Ly, = — 230054052 _ 22
12 (0.5+0.5)-2+0.5:1 (0.5+0.5)-2
0.3:0.51+0.4:(0.5+0.5)-240.5-0.5:1  0.3:0.5-1
Ly . = — =0.1
13 0.5-1+(0.5+0.5)-2+0.5-1 0.5-1
0.8:0.51  0.10.51
Ly = — =0.7
d21 0.51 0.51
0.3:(0.5+0.5):24+0.4:(0.5+0.5)2  0.4:0.5'1
Ly, = 05+05)y2 _ = —0.05
22 (0.5+0.5)-2+(0.5+0.5)-2 0.5-1
0.80.5'1
Ld23 =i 0=0.8
0.1:0.5:140.4-0.5:1  0.5:0.5-1
Ly, = — =—0.25
31 0.51+0.5:1 0.51
0.7:(0.5+0.5):2+0.8:0.5°1  0.1:(0.5+0.5)-2
Ly = — QL5992 _ g2
32 (0.540.5)2+0.51 (0.540.5)-2
0.50.5-1
Ly . = —0=0.5.
d33 0.5-1

Next, expectations for gold, property, and stocks are determined using predictive values and scores. Then the expectation
obtained from y;, y,, dan y; as follows.

Table 1. The Example of XDHFE

Investment Type Cij Predictive Value (million) d;j
C11 50 diq

Y1 C12 70 dy,

C13 60 dis

Co1 100 dy,

Y2 €22 60 daz

Cy3 70 da3

C31 80 dsq

Y3 C32 70 ds,

C33 90 ds3

E; =50 % 0.4+ 70X 022+ 60x 0.1 =414
E, =100 x 0.7 + 60 x (—0.05) + 70 x 0.8 = 123
E; =80 X (—0.25) + 70 X 0.62 + 90 x 0.5 = 68.4
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optimal choice for investment is y, that is property based on wealth growth.

IV. CONCLUSION

Based on the evaluation of gold, property, and stock expectations, E, > E5; > E; is obtained, so it is concluded that the

Decision-making problems using expanded dual hesitant fuzzy sets involves determining the best choice or alternative based

on the given criteria and preferences. Expanded dual hesitant fuzzy sets are an extension of hesitant fuzzy sets, which allow
decision-makers to express their hesitancy more explicitly by considering both positive and negative evaluations for each
alternative with respect to each criterion.
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