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Abstract — The concept of hesitant multi-fuzzy soft set is a concept that can be applied in decision-making problems. In this paper, we
use an algorithm with respect to hesitant multi-fuzzy soft set to make the selection of exemplary students. The decision-making process
in this case is carried out by following the steps in a constructed algorithm in order to obtain the best possible outcome from the given
case study.
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I. INTRODUCTION

To solve complex real-life problems in various disciplines such as engineering, economics, and social sciences, the
techniques available in classical mathematics often fail to produce satisfactory results due to various types of uncertainty and
hesitancy. There are several mathematical tools and approaches to deal with uncertainty and hesitancy, but each proposed
approach has its specific limitations. The theory of soft sets is a mathematical tool for handling uncertainty and vagueness. The
idea of soft sets was first introduced by Molodtsov [4]. Recently, research on the theory of soft sets has been rapidly growing.

In 2002, Maji et al. [3] proposed the first development of soft sets in decision-making problems by introducing and
studying the theory of fuzzy soft sets, which combines the theories of soft sets and fuzzy sets. In the theory of fuzzy soft sets,
membership degrees are assigned to facilitate decision-making in a problem. However, assigning membership degrees to elements
is not easy, as each element in a set may have several possible values. To address this issue, Torra [7] proposed a new concept of
fuzzy sets called hesitant fuzzy sets (HFS). Later, a new type of fuzzy set called multi-fuzzy set was introduced by Sebastian and
Ramakrishnan [6] as an extension of the fuzzy set concept. Meanwhile, Yang et al. [8] introduced the concept of multi-fuzzy soft
sets (MFSS) and discussed their applications in decision-making problems. Furthermore, in 2019, the concept of hesitant multi-
fuzzy sets and hesitant multi-fuzzy soft sets, proposed by Dey et al. [1].

This research aims to examine the application of hesitant multi-fuzzy soft sets in the selection of exemplary students and
develop an algorithm for decision-making in this selection process.

II. Fuzzy SET, SOFT SET, FUZZY SOFT SET, MULTI-FUZZY SET, MULTI-FUZZY SOFT SET, HESITANT FUZZY SET, SCORING
METHOD IN FUZZY SOFT SET, AND HESITANT MULTI FUZZY SOFT SET

In this section, we will review some related definitions introduced in the previous article, which form the basis for the
study in this article.
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Definition 2.1. [9] Let U be a set of objects. A fuzzy set X over U can be defined as

X ={u@/wlu e U,pu,(u) €[0,1]}

where u, - U— [0, 1] is called the membership function of X over U, and p, (u) represents the degree of membership of u € U in
the fuzzy set X.

Definition 2.2. [4] Let U be a set of objects, P(U) be the power set of U, E be a set of parameters, and A S E. A soft set over U
is a pair (F, A), where F is a mapping given by F: A — P(U). A soft set over U can be expressed as a set of ordered pairs:

(F,A) = {(e,F(e))|le € A F(e) € P(U)}.

Definition 2.3. [2] Let U be a set of objects, E be a set of parameters, A € E, and P(U) be the set of all fuzzy sets over U. A fuzzy
soft set over U is a pair (ﬁ, A), where F is a mapping given by F : A » P(U). A fuzzy soft set over U can be expressed as a set of
ordered pairs:

(F,A) = {(e,F(e))]e € A F(e) € P(U)}.
Definition 2.4. [6] Let U be a set of objects, and k be a positive integer. A multi-fuzzy set ¥ over U can be defined as

Y = {w/ (@, p), - me@)lu € U}

where u;: U > [0, 1],i=1, 2, -- -, kis called the membership function of Y over U for the i-th dimension, and u;(u) represents the
degree of membership of u € U in the multi-fuzzy set Y for the i-th dimension. The function puy(w) = (uy (W), (W), - -, we (W) is
a mapping given by pg: U — [0,1] x [0,1] X ... X [0,1] and is called the multi-membership function of the multi-fuzzy set Y , and
k is referred to as the dimension of Y. The set of all k-dimensional multi-fuzzy sets over U is denoted as M¥FS .

Definition 2.5. [8] Let U be a set of objects, E be a set of parameters, and A € E. A k-dimensional multi-fuzzy soft set, abbreviated
as MFSS, over U is a pair (F, A) where F is a mapping given by F: A - M*FS(U). A k-dimensional multi-fuzzy soft set over U can
be expressed as a set of ordered pairs:

(F,A) = {(e,F(e))|e € A F(e) € MFS(U)}.

Definition 2.6. [7] Let U be a set of objects. A hesitant fuzzy set over U is denoted by R = {(u, hg(uw))|lu € U}, where hy(u)isa
set of multiple values in the interval [0,1], indicating the possible degree of membership of the element u € U to the set R. For
simplicity, hg () is referred to as a hesitant fuzzy element (HFE).

Definition 2.7.[5] Let's consider a fuzzy soft set (ﬁ ,A). A comparison table of (ﬁ ,A) is a table with an equal number of rows and
columns, where the rows and columns are labeled with the names of objects. The entry at position {ij}, c;;, represents the number

of parameters for which the membership value of u; is greater than or equal to the membership value of u; fori, j=1,2,.., n.
The comparison table of the fuzzy soft set (F‘, A) can be represented in the following table.

The comparison table of the fuzzy soft set (F‘, A)

Uy u; Up
Uy C11 C12 Cin
Up Ch1 Cn2 Chn

Next, a score table will be formed by determining the sum of ¢;; for the i-th row, the sum of of ¢;; for the j-th column, and
the score values, as explained below. For each i, the sum of ¢;; for the object u;, denoted as 1y, is calculated using the formula
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n= Z Cijl

j=

=

wherei=1, 2,..., n. For each j, the sum of ¢;; for the object u;, denoted as t; is calculated using the formula

n
t] = z Cl']"
i=1

where j=1, 2,..., n. For each i, the score of an object u;, denoted as S;, is calculated using the formula S; = r; — ¢t;. All the values
ofrj, t;, and S; for each u; are presented in a fuzzy soft set score table (F, A), as shown in the following table.

Score Table of Fuzzy Soft Set (F,A)

Iy ti Skor (Sl)
U ry t Sq
up Iy ta S,
ul’l rn tn Sn

Definition 2.8.[1] Let U be a set of objects and k be a positive integer. A hesitant multi-fuzzy set A of dimension k over U can be
expressed as

A= {(u, ﬁg(u)) lu € U}
where hz(u) = (h}(u), hf; w, ..., h"} (u))and hfq(u) represents a hesitant fuzzy element for each u € U, with i=1, 2, ..., k. The
set of all k-dimensional hesitant multi-fuzzy sets over U is denoted as HM*FS(U).

Definition 2.9.[1] Let U = {uy,u,, ...,u,} be a set of objects, E = {eq, €y, ...,e} be a set of parameters, and A C E. Also,
assume that HM¥FS(U) denote the set of all k-dimensional hesitant multi-fuzzy sets over U. A pair (F',A) is called a k-
dimensional hesitant MFSS over U, where F is a mapping given by F: A - HM*FS(U). A k-dimensional hesitant multi-fuzzy soft
set over U can be expressed as a set of ordered pairs:

(F,4) ={(e.F(e)) le € A, F(e) € HM*FS(U)}.

Definition 2.10.[1] Let U = {uq,u,, ..., u,} be a set of objects, E = {ey, ey, ...,en} be a set of parameters, and A € E. Also,
assume (F,A) is a 3-dimensional hesitant MFSS over U, where F is a mapping given by F: A - HM3FS(U). Let’s assume

F(e) = {uy/({a}, d}, ..., aél}, (b, b}, ..., bél}, {ci e}, ..., c)}l}), u,/({a? a3, ..., aéz}, (b2, b3, ..., bgz}, {c3,¢3, .., 0132})' s Uy
({a{', az, ..., aZn}, {b{‘, b, ..., bgn}, {c{', ¥, ., c]’}n})}

RMSS-level soft set for HMFSS is defined as a function rmss (F'(e)), with F: A — P(U) for (F',A), A={F(e)le € A} and P(U)

is the collection of all fuzzy sets over U,

rmss (F(@)) = /3 ([Z 2@ + [520007+ [F30(6?) /5[5 20@h2 + (5200 +

/f ?il(c?)z).---,un&( \/a—iz?jl(a?)u \/izfgl(bf)u in ygl(cf)z)}.
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From the above definition, it can be seen that RMSS-level soft set transforms a hesitant multi-fuzzy soft set into the form
of a fuzzy soft set, which can then be represented in a fuzzy soft set table.

In the following, an algorithm for decision-making problems will be presented as an application of the Hesitant Multi-
Fuzzy Soft Set concept [1].

Algorithm:
Define the set of selected parameters A, A € E,
Define a hesitant MFSS (F , A) and represent it in a table form;
Calculate the RMS-level soft set for (F’ ) A) and display it in a table form;
Compute the comparison table for the RMS-level soft set;
Determine the maximum score, if it occurs in row i, then the optimal decision is u;.
III. RESULT AND DISCUSSION

This section will give a case that can be represented as a form of Hesitant MFSS. Furthermore, referring to the construction
of decision-making algorithms, a hesitant multi-fuzzy soft set will be simplified using the RMSS-level soft set method in this
case.

In this case, the authors do not explain in detail the technicalities and accuracy of obtaining data because this requires
separate and in-depth research involving experts in the field under study. Therefore, the data, in this case, is only illustrative.
Furthermore, the case to be examined is the case of selecting exemplary students.

Case. Let U = {uy,uy, U3, Uy, us} be a set of students under consideration, and E = {e;,e,,e3,e,} be a set of
parameters, where e; represents "friendliness" with options of less friendly, friendly, and very friendly; e, represents
"politeness" with options of less polite, polite, and very polite; e; represents "intelligence" with options of less intelligent,
intelligent, and very intelligent; e, represents "attendance" with options of frequent absence, rare absence, and always
present.

Assume a teacher is selecting a student based on a desired set of parameters, which is A = {e;, e5,e,}. Here, the
teacher is looking for an exemplary student. Let the hesitant MFSS (F’,A) be as follows:

F(ey) = {u,/({0.2,0.4,0.7},{0.5, 0.6}, {0.4}), u,/({0.6,0.7},{0.3, 0.4, 0.5}, {0.2,0.7}), us/
(0.1,0.4,0.5},{0.3,0.6},{0.1,0.5, 0.6}), u, /({0.2, 0.3}, {0.8},{0.3, 0.9}), u5 /({0.4, 0.5}, {0.1,0.2, 0.3}, {0.9})}.

F(es) = {u,/({0.8},{0.2,0.4,0.8},{0.1,0.4,0.5,0.7}), u, /({0.4},{0.3,0.4, 0.5}, {0.3,0.7, 0.8}), us/
({0.7,0.8},{0.3,0.4, 0.6}, {0.2}), u, /({0.9},{0.2, 0.6, 0.8}, {0.3, 0.9}), us /({0.3, 0.4, 0.5}, {0.1,0.3, 0.5, 0.8}, {0.6, 0.7})}.

F(e,) = {u,/({0.6,0.7},{0.2},{0.1,0.3,0.6,0.7}),u,/({0.1,0.3,0.4},{0.3,0.4, 0.5}, {0.7}), us/
({0.2,0.4,0.6,0.8},{0.3,0.5, 0.6}, {0.1, 0.6}), u, /({0.2, 0.3, 0.6}, {0.4, 0.6, 0.7}, {0.3, 0.5}), us/
({0.4,0.6,0.7,0.8},{0.1,0.2,0.3}, {0.91)}.

Furthermore, the hesitant MFSS can also be displayed in tabular form as follows.

U Friendliness
Uy ({0.2,0.4,0.73,{0.5,0.6},{0.4})
U, ({0.6,0.7},{0.3,0.4,0.5},{0.2,0.7})
Uz ({0.1,0.4,0.5},{0.3,0.6},{0.1,0.5,0.6})
Uy ({0.2,0.3},{0.8},{0.3,0.9})
Us ({0.4,0.5},{0.1,0.2,0.3},{0.9})

Vol. 39 No. 1 June 2023 ISSN: 2509-0119 493



Selection of Exemplary Students Using The Concept of Hesitant Multi-Fuzzy Soft Set

U Intelligence
Uy ({o.83},{0.2,0.4,0.8},{0.1,0.4,0.5,0.7})
U, ({o.4},{0.3,0.4,0.5},{0.3,0.7,0.8})
Us (f0.7,0.8},{0.3,0.4,0.6},{0.2})
Uy ({0.93},{0.2,0.6,0.8},{0.3,0.9})
Usg ({0.3,0.4,0.5},{0.1,0.3,0.5,0.8},{0.6,0.7})
u Attendance
Uy (f{0.6,0.7},{0.2},{0.1,0.3,0.6,0.7})
U, (f0.1,0.3,0.4},{0.3,0.4,0.5},{0.7})
Us ({0.2,0.4,0.6,0.8},{0.3,0.5,0.6},{0.1,0.6})
Uy (f0.2,0.3,0.6},{0.4,0.6,0.73,{0.3,0.5})
Usg (f0.4,0.6,0.7,0.8},{0.1,0.2,0.3},{0.9})

Next, let's calculate the RMS-level soft set for (F' s A).
rmss (F’(el)) = {u,/0.477,u,/0.525,u5/0.434,1,/0.575,15/0.523}.
rmss (F(eg)) = {1,/0.602, u,/0.482, 15 /0.468, 1, /0.720, us /0.456}.

rmss (F"(e4)) = {u,/0.446,u,/0.468, 15 /0.445, 1, /0.466, us /0.586}.

The result of the RMS-level soft set will be displayed in tabular form as follows.
Table Representation of RMSS-Level Soft Set

u F(ey) F(es) F(es)
Uy 0.477 0.602 0.446
U, 0.525 0.482 0.468
Us 0.434 0.468 0.445
Uy 0.575 0.720 0.466
Us 0.523 0.456 0.586

Then, we will calculate the comparison table for the RMS-level soft set based on the table above and display it in the
following tabular form.
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Comparison Table of RMS-Level Soft Set

U Uy Uy Uz Uy Usg
Uq 3 1 3 0 1
U, 2 3 3 1 2
Us 0 0 3 0 1
Uy 3 2 3 3 2
Us 2 1 2 1 3

Finally, we will calculate the number of rows (a), the number of columns (b), and the score = {number of rows(a) - number
of columns(b)}, and display the results in the following table.

Score Table of RMS-Level Soft Set

u Number of rows(a) Number of columns (b) Score (a-b)
Uuq 8 10 -2
U, 11 7 4
Us 4 14 -10
Uy 13 5 8
Usg 9 9 0

From the table above, the maximum score is obtained for u,. Therefore, a teacher will choose u, as the exemplary student.
IV. CONCLUSION

The decision-making process was carried out by following the steps outlined in the algorithm. To demonstrate these steps, a
case of selecting an exemplary student based on the chosen parameters was provided, resulting in the decision to choose student
u, as the best choice for an exemplary student.
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