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Abstract— This article discusses two new matrix operators constructed differently from vech and vecp by taking a square matrix's
main diagonal and supra-diagonal entries. We call these two operators the vech” and vecp®. We explicitly construct a matrix that
transforms vech”(A4) to vecp®(A), where A is an n X n matrix for n = 2, 3,.., 6. We also derive various properties from the matrix.
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1. Introduction

The vec operator is a unique operation on a matrix that transforms the matrix into a column vector. There is another operator
defined by [1], which is called the vech operator. The vech operator is the operator by eliminating the supra-diagonal entries. The
study of the application vec and vech was carried out by [1], with a focused study on the symmetric matrix in developing
multivariate statistical results. Furthermore, other applications of vec and vech were carried out by [2], referred to [1], to obtain a
generalization of some of the matrix results given by [3]. In particular, the variance-covariance matrix of the Wishart distribution
is obtained in a very compact nonsingular form.

Another relationship between the vec operator related to the Kronecker product and the vec-permutation matrix can be seen in [4,
5]. In addition, another vec operator is defined which is called vecb by [6, 7] related to the block matrix and the Kronecker
product. The vec operator is also associated with several particular matrices, such as the permutation matrix, the commutation
matrix and the duplication matrix. These matrices are a matrix that transforms vec operator to vech, vecp or vecd operator (see
(8,9, 10]).

The method in this study is a literature study. The first step of this research is to define the vech* and vecp™ for arbitrary n X n
matrix (see Section III). Next, define the unique matrix associated with vech* and vecp®, and find its properties.

1L Basic theory
This section presents the definitions, properties, and theorems used in this article.
Definition 2.1 [8] Let A = [a;;]| be an m X n matrix, and 4; is the jth column of A. The vec(4) is the mn x 1 vector gives by
Ay

vec(4) = A:Z

An
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Definition 2.2 [1, 11] Let A = [a;;] be an n x n matrix. The vech(A) is the %n(n + 1) x 1 vector that is obtained from vec(A)
by eliminating all supra-diagonal elements of A.

For example, forn = 2,

vec(A) = (a1, Az1, A1z, azz)T and vech(4) = (ay1,a,1, azz)To

Definition 2.3 [9] Let A = [ai}-] be an n x n matrix. The vecp(A) is defined to be a column vector consisting of the lower
triangular elements of 4, it is given as
T
veCp(A) = (all, a22, vy ann, a21, a31, vy anl, a32, a4_2, ) anz, ) an‘n_l) .

For example, forn = 3,

vecp(A) = (a1, Gz, A33, 21,31, a32)T-

Let S, denote the set of all permutations of the n element set [n] := {1,2, ..., n}. A permutation is a one-to-one function
from [n] onto [n]. The permutation of finite sets is usually given by listing each domain element and its corresponding functional
value. For example, we define a permutation o of the set [n] := {1,2,3,4,5,6} by specifying a(1) =5, 0(2) =3, d(3) =1,
o(4) = 6,0(5) = 2,(6) = 4. A more convenient way to express this correspondence is to write ¢ in array form as

_(123456)

"\531624 @1

There is another notation commonly used to specify permutation. It is called cycle notation. For example, permutation in (2.1)
can be writtenas ¢ = (1 5 2 3)(4 6). For detail, see [12].

If o is a permutation, we have the identity matrix as follows:

Definition 2.4 [13] Let o be a permutation in S,. Define the permutation matrix P(c) = (8;4(j)) » Si0(jy = entry; j(P(c))
where

5 _{1 if i = o())
L@ 0 if i # a())

Example 2.1 Let n:={1,2,3}and o = (1 2 3).

1if i = a(j)

(1t02;2t03;3t01; (1) =2,06(2) =3, d(3)=1)
entn(P(U)) = 51,0(1) =0(o(1) =2); entn(P(U)) = 51,0(2) =0(0(2) = 3); ent13(P(a)) = 51,0(3) =1(0(3)=1)
enty (P(0)) = 800y = 1(0(1) = 2);  enty,(P(0)) = 8502 = 0(3(2) =3);  enty3(P(0)) = 85603 = 0 (a(3) = 1);

ent3; (P(0)) = 8301y = 0 (a(1) = 2); ents,(P(0)) = 8302y = 1 (0(2) = 3); enty3(P(0)) = 8303y =0(0(3) =1).
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812 613 614 0 0 1
So we have P(123) = <622 623 521) = (1 0 0)

We present definitions of inversion on permutation and elementary product.

Definition 2.5 [14] Inversion is the occurrence of a larger integer preceding a smaller integer, while the number of inversions is
the total number of integers preceded by a smaller integer in each inversion in the order of the permutations.

Definition 2.6 [14] If the number of inversions of a permutation is an even number then it is said to be an even permutation, and
if it is an odd number, then it is said to be an odd permutation.

Definition 2.7 [14] Let A be an n X n matrix. The elementary product of A is the product of n elements from A without taking
elements from the same row or column, while the signed elementary product of A4 is the elementary product which is marked (+1)
if the permutation is even and ( —1) if the permutation is odd.

We also present the definition of the orthogonal matrix and the relationship between the permutation matrix and the
orthogonal matrix.

Definition 2.8 [8] An m X m matrix P whose columns form an orthonormal set of vectors is called an orthogonal matrix. It
immediately follows that PTP = PPT = I,,,.

Theorem 2.1 [8] Let P be m X m orthogonal matrix. Then |P| = +1, so that P is nonsingular. Consequently, P~* = PT,
Theorem 2.2 [11] Every permutation matrix is an orthogonal matrix.

111. Results and Discussion

The aim of this paper to introduce new operator like vech and vecp and we called the operator with vech™ and vecp”,
and then to presented the relationship between vech™ and vecp™.

Definition 3.1 Let A = [a;;] be an n x n matrix. The vech*(4) is the %n(n + 1) x 1 vector that is obtained from vec(A4) by
eliminating all below main diagonal elements of 4, i.e.:

vech*(A) = (a1, 12, Az, A13, Az3, A33s -y A1y Ay oe s Apy) -
Definition 3.2 Let A = [a;;] be an n x n matrix. The vecp*(4) is the %n(n + 1) x 1 vector that stacks the main diagonal
elements and then the supra-diagonal elements in order of the first column to the last column of 4, i.e.:
« T
vecp™(A) = (ay1, Az2, 33, o) Qnny A1z, Ay3, Q23 ooy Qi o) A1) -

Example 3.1 Suppose given a matrix A of size 4 X 4 as follows:
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Then

vech*(4) = (2,0,8,1,3,3,8,2,6,7)T and vecp*(4) = (2,8,3,7,0,1,3,8,2,6).

Let A be an n xn matrix. In [9], it is stated that there is an n X n matrix B that transforms vech(4) to vecp(4), i.e:
BPvech(A) = vecp(A). In this paper, will construct a matrix similar to BY, symbolized by B?", which transforms vech*(A) to
vecp*(4), i.e., B,’l’*vech*(A) = vecp*(A4). The B,zl’* matrix to be constructed forn = 2,3,4,5, 6.

A1 g2 * 100y
a. Forn=2 Let A= (a21 azz), andwehave By =(0 0 1] ie:
0 10

1 0 O 1 0 O
0 0 1]vech*(A)=(0 0 1](ay,a12 a52)" = (a11,0a22 a15)" = vecp*(4)

0 1 0 01 0
100000
a1 412 Qg3 X 00100(1)
b. Forn = 3. LetA=(az1 az; azs),andwehaveBg = 8(1)8880 ,l.e.:
a3; 43z dAszz 000100
000010
100000 100000 aqq aqq
001000 001000 a, as,
000O0O01 « _]1000O0O0T1 ay; | | ass | _ *
010000|%PD=1070000][a:|"]|as]|=ver @
000100 000100 azs a3
000010 000010 as3 az3
1000000O0OO0OO0
0010000O0OO0O0
HHIHH
c. Forn=4 LetA=|%1 %22 %z a“,andwehaver*: 0100000000 je.:
QAz1 Qzz Q33 Q3q 0001000O0OO0OO
Qg1 Qap Qu3 Qyq 00001T0O0O0OO0OO
00000O0O1TO0O0O0
00000O0OO1TO0O0
00000O0OOOT1ITO
1000000O0O0CO0O 1000000O0O00O0 a1 ajq
0010000O0O0O0 001 0000O0OO0OO a2 az;
0000010O0O0OO0 0000010O0O0OO0 az; ass
00000O0OO0OO0OO0T1 00000O0O0OO0OO0T1 a3 gy
0100000000vech*(A)=0100000000 a23=a12=vecp*(A)
0001000O0O0OO0 0001000O0O0OO ass a3
0000100O0O0O 0000100O0OO0OO Ayq azs
00000O0O1TO0O00O0 00000O0O1TO0O0O0 Az Q14
0000O0O0OO0O1TO0O 00000O0OO1TO0O Q3g Q24
00000O0OO0OOT1ITO 00000O0OO0OOT1O0 Qyq A3y
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Consider that for n = 2, size of B} is 3x 3, forn =3, BY"is 6 x 6, for n = 4, B’ is 10 x 10, for n = 5, BY" is

15 x 15, and forn = 6, Bg* is 21 x 21. Based on this, we have the size of B?, n =2,3,4,5,6 is

proven by mathematical induction).

nn+1) x nn+1)
2 2

Next, the form of BY *, n = 2,3,4,5, 6 will be written in a formula. We need several symbols, i.e.:

- e;, isarow matrix containing one element 1 in the first column

- Omxn 1s @ zero matrix consisting of m-row and n-column

- B = [O(n—l)xlt In—l]

Thus form B}f *, n = 2,3,4,5, 6 is written as follows:

/1000
-B§=<001>=
01 0
10000
00100
_ grr—|00000
3 01000
00010
00001
10000
00100
00000
00000
_ B =[01000
4
00010
00001
00000
00000
00000
10000
00100
00000
00000
00000
01000
pe 00010
- B =|l0o0001
00000
00000
00000
00000
00000
00000
00000

T
€12
O1x2
01x1

SO OO OO OOOOOR OO OOOCOOOOrRrR OO OO O OO

COOOCOOROOOCOOO OO OCORrRrOOOCOO OO

COO0OOCORrROOOCOCOOOD OO OroOoOOoOCOoOOoO OO

 _

01x1
1

T
€12

01x
01x
01x
02><

0

SO OROOOODOCOODOD OO RPOOODODOOO ©

T
€13

2
3
1
2

SO O OO0 OORrRO OO OO0 OCORrO OO

01><1 01><2
e{z O1x2
O1x2 31,1
371~,3 O1x2
F; 0O

31,4
O1x2
O1x3
O1x4
O1x1
0252

Il
—

03)(3

COOROOODODOODOOO © O
OCORPROOCODODOODOCDOCOO © O
OrRPrOO0OOOOOOOCOOO © O
RPOOOOOOOOOOOO © O

\
)

O1x1
91,3
O1x2
O1x3
eIA

Soococococoocorocoo o Py
X w
[\S}

01><2 01)<3

O1x2 Oi1x3
e’{lz 01X3

T
O1x2 €11

01><2 01><3

02><1 02><4-
Fa O3x

e{s
O1x2
O1x3
O1x4
O1xs
O1x1

02X2

03X3
04><4

O1x1
31,4
O1x2
O1x3
O1x4
e{s

03><2
04><3

O1x2
O1x2
31,3
O1x2
O1x3
O1x2
032x1

Oaxz

O1x3
O1x3
O1x3
e{z
O1x2
O1x3
O2xs
O3x1

O1x4
O1x4
O1xa
O1xa
e{l
O1xa
O2xa
O3xs
Oux1

(This can be
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0 0

61_6 O1x1 O1x2 O1xz Oixa Oixs
O1x2 els O Oixz Oixs Oixs
O1x3 Oix2 ef4 O1x3 O1xa Oixs
O1xa Oixz Oy, €13 Oixa Oixs
Oixs Oixs Oixz Oix, €12 Oixs
O1x6 O1xs Oixa Oixs Oixz eil
O1x1 e{,e O1x2 O1x3 Oixsa Oixs
Ozx2 F; Ozx1 Oy Ozxs Oixa
O3x3 O35, Fa Osxq Oz Oszxs
Ouxa Opy3 Oaxz Fs  Oux1 Ouxe
Osxs Osyy Osxz Osxa Fg  Osyq

1
%
*
I
SO OO OO0 OO0 OCOOOOO O
C OO OO0 OD OO OOOOrROOCOO © O
SO O OO0 OODODOOOCOOOO -
OO OO ODOORrROODOCOO © O
C OO OO OOODODOOORrROODODOCOO © O
COO O OO OOODODOOOOOOORr OO
C OO OO OOODODOORrROOODODOCOO © O
COOC OO OOOOORrROOOOOCOOO © O
OO OO OOOOROODODOODOCDOCOO © O
C OO O OO0 OD OO ODOOODOCOORrRrO © O
SO0 O OO OOROODODODODODODOOO O
N SO OO OORrROOCOODOODODOCDOCOO © O
SO OO ORrROOOCDOODOOOOCOOO © O
SO OCOOROODDODOCODODOOODOCOCOCO © O
C OO OO0 OO OOOOOORrRrOO © O
COOORrROODODODOODOODODOOOOO © O
COOROOOOODOCOOOOODOCOCOO © O
COPRPROOODOODODOCDOODOOOOOCOO © O
ORPR OO0 ODODOODODOCOO O W
RPOOOOOOOOOCOOOOOOOOO © O
SO0 O OO0 OOODOOOOORrROOO © O
I

Next, the properties associated with B,’: *, n ,3,4,5,6 are as follows:
Theorem 3.1 The BY",n = 2,3,4,5,6 is a permutation matrix.

Proof. Based on Definitions 2.4 and 3.3, the BY *, n = 2,3,4,5,6 is a permutation matrix.

Corollary 3.1 The B?",n = 2,3,4,5,6 is an orthogonal matrix.

Proof. Based on Theorem 3.1 obtained that Bﬁ *,n = 2,3,4,5,6 is a permutation matrix. Then based on Theorem 2.2, the

Bfl’*,n = 2,3,4,5,6 is an orthogonal matrix.

Theorem 3.2 Let B,’;(p) be a matrix that transforms vech*(A4) to vecp*(A). Then
(a) tr(BY)=1forn=234,56

* —1, lfn = 2,6
®) [B7={7 if n =345

Proof. (a) It is shown that B? " is a matrix in which the element 1 is always located on the main diagonal in the first row and
column, while the main diagonal in the other rows and columns contain the element 0. Since a trace is the sum of the entries on

the main diagonal, then tr(Bfl’*) =1. (b) Based on Cororllary 3.1 obtained Bfl’*(Bfl’*)T= (B,zf*)TBf:* = In@m+1), SO
2

|B2"(827)| = (8| =

|BY"| = —1or|BY| = 1.

or |BY , and we have |B,If*|2 =

. Therefore,

. Since |(B,’f*)T| =|BY"

In(n+1) In(n+1) In(n+1)
2 2 2

Let o, be a permutation in BY 'n=2,345,6. By using Definition 2.4, we have

!

- Forn =2, 622[1

2 3
3 2
1 2 3 4 5 6
-Forn=3,03=[142563]
_Forn=4a=[12345678910
47 l1 5 26 7 38 9 10 4/F

Vol. 38 No. 1 April 2023 ISSN: 2509-0119 12
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Forn=50=[1234567 8 9 10 11 12 13 14 15]and
711 6 27 839 10 11 4 12 13 14 15 57r

Forn =6,
6_1234-56789101112131415161718192021
6

117 289 310 11 12 4 13 14 15 16 5 17 18 19 20 21 6/F
Based on Definition 2.5, the number of inversions of o, is 1, g3 is 4, g, is 10, og is 20, and g, is 25. Thus, based on
= —1 for

Definitions 2.6 and 2.7, g, and o, are odd permutations, while o3, 04, and o5 are even permutations so that |B;(p)

n = 2,6, and

B,:(p)| = 1 forn = 3,4,5. The proof is complete.

Tapez une équation ici.
IVv. Conclusion

s article provides new operators:i.e vech* and vecp®. In addition, it provides a definition and finds the properties of a matrix

that transforms vech* and vecp™.
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