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Abstract – This article discusses the determining of the number of arcs connected to boundary discs on a picture.  The picture used is 
the picture in the presentation of the direct product group ℤ𝒑  ൈ  ℤ𝒒, 𝒑, 𝒒 ∈  ℤା.  Presentation of the group is 𝑮 ൌ  ⟨𝒂, 𝒃;  𝒂𝒑, 𝒃𝒒, 𝒂𝒃 ൌ

𝒃𝒂⟩.  Picture depiction is determined by compiling disc 𝒂𝒑, disc 𝒃𝒒, and  disc 𝒂𝒃 ൌ 𝒃𝒂, consecutively,   and the number disc 𝒂𝒑 and disc 
𝒃𝒒 are unique. 
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I. INTRODUCTION 

A direct product group is a group resulting from two groups by using the direct product operation.  For example 𝐴 and 𝐵 is 
a group, direct product group symbolized by 𝐴 ൈ  𝐵  and is defined as a set 𝐴 ൈ  𝐵  ൌ  ሼሺ𝑎, 𝑏ሻ|𝑎 ∈ 𝐴, 𝑏 ∈  𝐵ሽ and operation ሺ∗ሻ 
defined as ሺ𝑎ଵ, 𝑏ଵሻ  ∗  ሺ𝑎ଶ, 𝑏ଶሻ  ൌ  ሺ𝑎ଵ𝑎ଶ, 𝑏ଵ𝑏ଶሻ. This group has a group presentation. Group presentation represents the  
elements of each group with one or more generators and relations. Let 𝐺 ൌ  ⟨𝒙;  𝒓⟩ be a group presentation that defines the group 
𝐴, where  𝒙 is the set of generators and 𝒓 is the set of relations [1]. The direct product group has a group presentation 𝐺 ൌ
 ⟨𝑎, 𝑏; 𝑎௣, 𝑏௤, 𝑎𝑏 ൌ 𝑏𝑎⟩.  Picture is a geometric configuration consisting of disc 𝐷ଶ, disjoint disc ∆, arc and labels [2].   

The organization of this paper is as follows: In the Section Basic Theory, we present the definitions of picture and 
definition of direct product.  In the Section Result and Discussion, we present the construction of the picture, and calculation the 
number of arc that connected to the boundary disc.  

II. BASIC THEORY 

In this Section, we present the theory of picture. 

Definition 2.1. [2] A picture 𝑄 of 𝑃 is a geometric configuration consisting of the following: 

a. A disc 𝐷ଶ with a basepoint 𝑂 on the boundary disc 𝐷ଶ, the boundary disc is denoted by ∂𝐷ଶ. 

b. Disjoint disc ∆ଵ, ∆ଶ, . . . , ∆௡  located in 𝐷ଶ. every disc ∆௜ has a base point 𝑂௜ on 𝜕∆௜. 

c. A number of arc 𝑎ଵ, 𝑎ଶ, … , 𝑎௠ where each arc located in 𝐷ଶ  െ 𝑈௜ୀଵ
௡ ∆௜ and can be a simple closed curve or a simple open 

curve that connects two points from the boundary disc to the boundary disc, boundary disc to disjoint disc, disjoint disc to 
disjoint disc. Each arc has an orientation (direction) to the right indicated by the meeting of the short transverse arrow 
with the arc labeled with the element on the generator. 
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d. If it surrounds 𝜕∆௜ once clockwise starting from 𝑂௜ and reads the label on the arc encountered (if it crosses an arc, say x, 
with the orientation to the right, then it reads 𝑥; otherwise, if it is opposite it reads 𝑥ିଵ), then we get a word that belongs 
to 𝑥 ∪ 𝑥ିଵ. This word is said to be the label of ∆௜. 

 

 

Figure 1.  Picture 

Following are some of the definitions related to the picture : 

1. A floating circle is an arc that is closed when it contains no disc. 

2. A floating semi-circle is an arc that starts and ends at the boundary disc and is not closed. 

3. Inverse pairs is a spherical picture which has exactly two discs with the same label 

4. Bridge move is a change of direction and putting two arcs with same label but in different directions. 

 

Figure 2. floating circle (FC), floating semi circle (FCS), inverse pairs (IP) 

 

                             

           

 

Figure 3. Bridge Move 

From Figure 2. and Figure 3. it is explained that if a picture 𝑃 have exactly in the picture above then it can be said to 
have floating circle, floating semi circle, inverse pairs, and bridge move. 

Definition 2.2. [5] Let 𝐴 and 𝐵 be groups, the direct product 𝐴 ൈ 𝐵 in groups 𝐴 and 𝐵 is the set of all ordered pairs 
ሼሺ𝑎, 𝑏ሻ|𝑎 ∈  𝐴, 𝑏 ∈  𝐵ሽ with operation ሺ∗ሻ which is defined as ሺ𝑎ଵ, 𝑏ଵሻ  ∗  ሺ𝑎ଶ, 𝑏ଶሻ  ൌ  ሺ𝑎ଵ𝑎ଶ, 𝑏ଵ𝑏ଶሻ  

Theorem 2.3 [6, 7]  Let 𝐴 and 𝐵 be groups defined by presentations 𝐺ଵ ൌ ⟨𝒈ଵ; 𝒔ଵ⟩ and 𝐺ଶ ൌ ⟨𝒈ଶ; 𝒔ଶ⟩ respectively.  Then the 

presentation  𝐺ଵ ൈ 𝐺ଶ ൌ ൻ𝒈ଵ, 𝒈ଶ; 𝒔ଵ, 𝒔ଶ, 𝑠ଵ𝑠ଶ ൌ 𝑠ଶ𝑠ଵ ሺ𝑠ଵ ∈ 𝒔ଵ, 𝑠ଶ ∈ 𝒔ଶሻൿ defines the presentation of direct product group 𝐴 ൈ 𝐵. 
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III. RESULT AND DISCUSSION 

This paper aims to determine the number of arcs 𝑎 and arc 𝑏 connecting to boundary disc in the presentation of 
direct product ℤ𝒑  ൈ ℤ𝒒, 𝑝, 𝑞 ∈  ℤା.  Let 𝐺ଵ ൌ ⟨𝑎; 𝑎௣⟩ and 𝐺ଶ ൌ ⟨𝑏; 𝑏௤⟩ presentation for ℤ𝒑 and ℤ𝒒 are respectively, then 

𝐺 ൌ 𝐺ଵ ൈ 𝐺ଶ and  𝐺 ൌ 〈𝑎, 𝑏; 𝑎௣, 𝑏௤, 𝑎𝑏 ൌ 𝑏𝑎〉. The construction of a picture is limited by one disc 𝑎௣ and 𝑏௤ and disc 
𝑎𝑏 ൌ 𝑏𝑎 are not unique.  

Next, the calculation of number arc 𝑎 and arc 𝑏 that connected to the boundary disc from picture of presentation  
of direct product ℤ𝒑  ൈ ℤ𝒒 with 𝑝 ൌ 2,3 and 𝑞 ൌ 3,4,5.  

1. Picture of direct product ℤଶ  ൈ ℤଷ with group presentations 𝐺 ൌ ⟨𝑎, 𝑏; 𝑎ଶ, 𝑏ଷ, 𝑎𝑏 ൌ 𝑏𝑎⟩. 

a. Picture of 𝐺 ൌ ⟨𝑎, 𝑏; 𝑎ଶ, 𝑏ଷ, 𝑎𝑏 ൌ 𝑏𝑎⟩  with one disc 𝑎𝑏 ൌ 𝑏𝑎 is  

 

Figure 4. Picture with labels 𝑎𝑏𝑎𝑏ଶ 

b. Picture 𝐺 ൌ ⟨𝑎, 𝑏; 𝑎ଶ, 𝑏ଷ, 𝑎𝑏 ൌ 𝑏𝑎⟩  with two discs 𝑎𝑏 ൌ 𝑏𝑎  

 

Figure 5. Picture with labels 𝑎𝑏ଶ𝑎𝑏 

c.  Picture of 𝐺 ൌ ⟨𝑎, 𝑏; 𝑎ଶ, 𝑏ଷ, 𝑎𝑏 ൌ 𝑏𝑎⟩  with three discs 𝑎𝑏𝑎ିଵ𝑏ିଵ is 

 

Figure 6. Picture with labels 𝑎𝑏ଷ𝑎  

d. Picture of 𝐺 ൌ ⟨𝑎, 𝑏; 𝑎ଶ, 𝑏ଷ, 𝑎𝑏 ൌ 𝑏𝑎⟩ with four discs 𝑎𝑏 ൌ 𝑏𝑎  is  

  

Figure 7. Picture with labels 𝑎𝑏ହ𝑎𝑏ଶ 
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From Figure 4., 5., and 6. in the group presentation 𝐺 ൌ ⟨𝑎, 𝑏; 𝑎ଶ, 𝑏ଷ, 𝑎𝑏 ൌ 𝑏𝑎⟩ we have two arcs 𝑎 and three arcs 𝑏 
connected to the boundary disc.  From Figure 7., we have two arcs 𝑎 and seven arcs 𝑏 connected to boundary disc. 

1. Picture of the presentation direct product ℤଷ ൈ ℤସ
 with group presentations 𝐺 ൌ ⟨𝑎, 𝑏; 𝑎ଷ, 𝑏ସ, 𝑎𝑏 ൌ 𝑏𝑎⟩ 

a. Picture of  𝐺 ൌ ⟨𝑎, 𝑏; 𝑎ଷ, 𝑏ସ, 𝑎𝑏 ൌ 𝑏𝑎⟩  with one disc 𝑎𝑏𝑎ିଵ𝑏ିଵ  

 

Figure 8. Picture with labels 𝑎ିଵ𝑏ିଵ𝑎ିଵ𝑏ିଵ𝑎ିଵ 

b. Picture of  𝐺 ൌ ⟨𝑎, 𝑏; 𝑎ଷ, 𝑏ସ, 𝑎𝑏 ൌ 𝑏𝑎⟩ with two and three discs 𝑎𝑏 ൌ 𝑏𝑎  

 

Figure 9. Picture with labels 𝑎ିଵ𝑏ିଵ𝑎ିଵ𝑏ିଷ𝑎ିଵ 

c. Picture of 𝐺 ൌ ⟨𝑎, 𝑏; 𝑎ଷ, 𝑏ସ, 𝑎𝑏 ൌ 𝑏𝑎⟩ with four discs 𝑎𝑏 ൌ 𝑏𝑎  

 

Figure 9. Picture with labels 𝑎ିଵ𝑏ିସ𝑎ିଵ 

From Figure 7., 8., and 9. in the group presentation 𝐺 ൌ ⟨𝑎, 𝑏; 𝑎ଷ, 𝑏ସ, 𝑎𝑏 ൌ 𝑏𝑎⟩ we have three arcs 𝑎 and four arcs b 
connected to boundary disc. 

2. Picture from the group direct product Zଷ  ൈ Zହ
  with group presentations   G ൌ ⟨a, b; aଷ, bହ, ab ൌ ba⟩  

a. Picture  G ൌ ⟨a, b; aଷ, bହ, ab ൌ ba⟩ with one disc 𝑎𝑏 ൌ 𝑏𝑎  

 

Figure 10. Picture with labels 𝑎ିଵ𝑏ିସ𝑎ିଵ𝑏ିଵ𝑎ିଵ 
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b. Picture  G ൌ ⟨a, b; aଷ, bହ, ab ൌ ba⟩    with two discs  ab ൌ ba  

 

Figure 11. Picture with labels 𝑎ିଵ𝑏ିଷ𝑎ିଵ𝑏ିଶ𝑎ିଵ 

c. Picture  G ൌ ⟨a, b; aଷ, bହ, aba-ଵb-ଵ⟩    with the number disjoint disc  aba-ଵb-ଵ is three and four. 

 

Figure 12. Picture with labels 𝑎ିଵ𝑏ିଵ𝑎ିଵ𝑏ିସ𝑎ିଵ 

From Figure 10., 11., and 12., in the group presentation  G ൌ ⟨a, b; aଷ, bହ, aba-ଵb-ଵ⟩  we have three arcs 𝑎 and five 
arcs 𝑏 connected to boundary disc. 

Proposition. Let  𝑃 is picture of 𝐺 ൌ ⟨𝑎, 𝑏; 𝑎௣, 𝑏௤, 𝑎𝑏 ൌ 𝑏𝑎⟩, with 𝑝, 𝑞 ∈  ℤା, then arc 𝑎 and arc 𝑏 are connected to the 
boundary disc for 𝑛 disc 𝑎𝑏 ൌ 𝑏𝑎: 

a. If 𝑛 ൌ  𝑞, then there are 𝑝 arcs 𝑎 and 𝑞 arcs 𝑏 connected to the boundary disc. 

b. If 𝑛 ൐  𝑞, then there are 𝑝 arcs 𝑎 and 2𝑛 െ  𝑞 arcs 𝑏 connected to the boundary disc. 

Proof: 

a. For 𝑛 ൌ  𝑞, we have 

 The arc 𝑎 that is connected to the boundary disc are 𝑝. Let 𝑃 be a picture of 𝐺 ൌ ⟨𝑎, 𝑏; 𝑎௣, 𝑏௤, 𝑎𝑏𝑎ିଵ𝑏ିଵ⟩, with 𝑝, 𝑞 ∈  ℤା.   
Since arc 𝑎 is in 𝑎𝑏 ൌ 𝑏𝑎 and disc 𝑎௣  is in the first position in the picture, then there is an arc 𝑎 that is connected to the 
disc 𝑎𝑏 ൌ 𝑏𝑎 and the number of arcs 𝑎 connected to the boundary disc are 𝑝 െ 1.  Next, since 𝑏௤ and 𝑛 ൌ  𝑞 then all arc 𝑏 
is connected to 𝑎𝑏 ൌ 𝑏𝑎, while there is one arc 𝑎 on disc 𝑎𝑏 ൌ 𝑏𝑎 in the last position connected to the boundary disc. So,  
the number of arcs 𝑎 connected to the boundary disc are 𝑝 െ 1 ൅ 1 ൌ  𝑝. 

 The arc 𝑏 connected to the boundary disc is 𝑞. Therefore,  since disc 𝑏௤  is unique and arc  𝑏 is in 𝑎𝑏 ൌ 𝑏𝑎, so there is 
arc  𝑏 connected to disc 𝑎𝑏 ൌ 𝑏𝑎. If number of disc 𝑎𝑏 ൌ 𝑏𝑎 are 𝑛 with 𝑛 ൌ  𝑞, then the whole arc 𝑏 in disc 𝑏௤  connected 
to disc 𝑎𝑏 ൌ 𝑏𝑎.  Meanwhile, in disc  𝑎𝑏 ൌ 𝑏𝑎  there are arc  𝑏 connected to the boundary disc. 

b. For  𝑛 ൐  𝑞, we have 

 The arc 𝑎 that is connected to the boundary disc are 𝑝. Let 𝑃 be a picture of 𝐺 ൌ ⟨𝑎, 𝑏; 𝑎௣, 𝑏௤, 𝑎𝑏 ൌ 𝑏𝑎⟩, with 𝑝, 𝑞 ∈  ℤା. 
Since arc 𝑎 is in 𝑎𝑏 ൌ 𝑏𝑎 and disc 𝑎௣  is in the first position in the picture, then there is an arc 𝑎 that is connected to the 
disc 𝑎𝑏 ൌ 𝑏𝑎 and the number of arcs 𝑎 connected to the boundary disc are 𝑝 െ 1.  Next, since 𝑏௤ and 𝑛 ൌ  𝑞 then all arc 𝑏 
is connected to 𝑎𝑏 ൌ 𝑏𝑎, while there is one arc 𝑎 on disc 𝑎𝑏 ൌ 𝑏𝑎 in the last position connected to the boundary disc. So 
the number of arcs 𝑎 connected to the boundary disc are 𝑝 െ 1 ൅ 1 ൌ  𝑝 
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 The arc 𝑏 connected to boundary disc is 2𝑛 െ  𝑞.  Let 𝑄 picture of 𝐺 ൌ ⟨𝑎, 𝑏; 𝑎௣, 𝑏௤, 𝑎𝑏 ൌ 𝑏𝑎⟩, with 𝑝, 𝑞 ∈ ℤା, Therefore, 
arc 𝑏௤ is unique and for 𝑛 ൌ 𝑞, then the whole arcs 𝑏 connected to disc 𝑎𝑏 ൌ 𝑏𝑎 and the number of arc b connected to the 
boundary disc are 𝑞.  Therefore, if we add the disc 𝑎𝑏 ൌ 𝑏𝑎 until 𝑛 ൐ 𝑞, then there is arc 𝑏 as much as 2𝑛 െ 𝑞. 

IV. CONCLUSION 

Given a direct product group ℤ𝒑  ൈ ℤ𝒒, 𝑝, 𝑞 ∈  ℤା with group presentations 𝐺  ൌ ⟨𝑎, 𝑏; 𝑎௣, 𝑏௤, 𝑎𝑏 ൌ 𝑏𝑎⟩and we can 

construct a picture from this. We have the number of arcs connected to boundary disc that can be seen from label in the picture. 

REFERENCES 

[1] D. L. Johnson, Presentation of Group, Second Edition, London Mathematical Society, Student Text, Cambridge: Cambridge 
Unversity Press, 1997.  

[2] W. A. Bogley and S. J. Pride, "Calculating generator of phi_2. in Two -dimensional homotopy and combinatorial group 
theory (eds A. Hog-Angeloni, W. Metzler & A. J. Sieradski)," London Math. Society Lecture Note Series, vol. 197, pp. 157-
188, 1993.  

[3] S. J. Pride, "Identities among relations of group presentations,," in Group Theory from geometrical viewpoint, Tieste-1990, 
World Scientific Pub. Co. Pte. Ltd. Singapore, 1991, pp. 687-717. 

[4] Zieschang, H.; Collins, D. J., Combinatorial Group Theory and Fundamental Group, Berlin: Springer, 1993.  

[5] J. A. Galian, Contemporary Abstract Algebra, 7 ed., Belmon, CA: Brooks/Cole, Cengage Learning, 2010.  

[6] A. W. Knap, Basic Algebra, New York: Birkh¨auser, 2006.  

[7] C. C. Pinter, A Book of Abstract Algebra, 2 ed., New York: Dover Publications, Inc., 2010. 


