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Abstract — A new computer-applied linear mathematical model for the synthesis of grippers with four-bar linkages is derived, applying
the theory of cubic of stationary curvature and in particular the Carter-Hall circle to generate Burmester curves. The model includes
and a condition for achieving a certain value of the pressure angle, whereupon is uniquely defined the kinematic diagram of the
mechanism. The mathematical model is illustrated by two examples for the synthesis of the mechanisms of two grippers with practical
application. The first refers to the synthesis of a mechanism with an asymmetric opening of the jaws, and the second - to the gripper for
transferring plates from one position to another in various technologies in microelectronics. The proposed new model significantly eases
the work of engineers in the synthesis of four-link mechanisms, which are very often found in modern devices, such as e.g. some
grippers for robots in microelectronics. The new method avoids the non-linear mathematical models for synthesis, to which leads by the
known methods of synthesis by infinitely close positions.
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I. INTRODUCTION

Grippers are end effectors of robots, manipulators, and other technical devices. The grippers convert input motion and input
force into required output motion and gripping force. They are rarely optimized so that the change in the gripping force follows a
corresponding change in the parameters of the manipulated object. Different types of grippers and conditions required for their
design have been studied [1-4]. Various approxsimation methods (Leasts Square, MiniMax, Maximally Contracted Evolution
Method, etc.) have been used for the synthesis of grippers with higher kinematic pairs when the gripping force changes in
accordance with the change in the parameters of the manipulated objects [5-8].

When changing the gripping force in the close vicinity of the design position of the gripping levers, synthesis methods for
infinitely close positions are more suitable, for example with the corresponding Burmester curve for infinitely close four positions
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(cubic of stationary curvature) [9-11] or the Carter-Hall circle [12-16]. These methods lead to non-linear mathematical models
for synthesis. They are difficult to implement in routine engineering practice.

With this article, the authors set themselves the task of easing the work of engineers in the synthesis of four-link
mechanisms, which are very often found in modern devices, such as e.g. some grippers for robots in microelectronics.

The aim is to develop a computer-applied linear mathematical model for the synthesis of four-bar mechanisms for grippers,
applying the theory of stationary curvature, in particular Burmester curves, generated by the Carter-Hall circle. Another goal is to
unambiguously determine the kinematic diagram of the mechanism, fulfilling an additional condition for a certain value of the
pressure angle [17].

II. MATHEMATICAL MODEL FOR DETERMINING BURMESTER CURVES

In this section is presented the a computer-applicable linear mathematical model for the synthesis of grippers with four-bar
linkages is derived, applying the theory of cubic of stationary curvature and in particular the Carter-Hall circle to generate
Burmester curves.

2.1. Mathematical Model for Determining Burmester Curves

When rotating the input and output links, a coordinate system is Oxy with an axis x = OC is used, which determines the

position of the fixed link with length L = Iyc. The values of the geometric transfer functions up to the third sequence are stated y’
(@), v’ (p) n w”{@p). The kinematic invariants are determined (Fig. 1):

Fig. 1.Burmester curves a and b with asymptotes @, and by, respectively, obtained by means of a Carter-Hall circle c. Four-bar
linkage, synthesized at a given (definite) angle v

- the abscissa of the relative instantaneous center of velocity (ICV) P (according to the Aronhold-Kennedy and of Willis
theorems

xp=Ly' I (y'=1); (yp=0), M
located on the Ox axis;

- the angle u, locked between the direction of the connecting rod (straight BP) and the collineation axis ¢ = PQ according to
the well-known of Bobillier (1970) and of Freudenstein theorems [18, 14] (Q is the absolute ICV)

gu=y'(1-y")/v"; @

- the abscissa of the intersection point A of the of the Carter-Hall circle ¢ (with a diameter d. = Ipy = |xy - xp|) with an Ox
axis [15, 16]
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3Ly () +y"]
4 ! /2 ’ 2 ”2 ’ :
" +y'(A-y)]A-y)" +3y" " (1-y")
The mathematical model includes only the abscissa xy of (3) and the equation of lines. The model does not include the
equation of the Carter-Hall circle c itself. A suitable variable parameter is the angular coefficient £,

3)

Xy =Xp+

k, =1gv, “
of the line determining the position of the connecting rod.
The angular coefficient of the collinearity axis ¢ is
ky =1g(v+ ), (5)
where the angle x is determined by (2).

Burmester curves are obtained entirely in the range v € [0, 180]. At a definite value of v, the coordinates are determined of
the centers 4 and B of the movable joints.

xXq=hkyxp/(k, —kog)iva =kopx, (6)
xp = (kcoL—k,xp)[(kcg =k, ); yp =keo(xp = L), (7N

The centers 4 and B are the intersections of a line drawn through the center P at an angle v, respectively, with the line OQ
and CQ. In the (6) and (7) are included:

- the angular coefficient of the straight OO

koo =¥o[%g - ®)
where: xg = (kqxp +kq_1xH )/(kq +k[;1 )
yQ = kq (XQ —XP) .
- the angular coefficient of the straight CQ
kCQ = yQ /(.XQ —L) . (9)

A kinematic diagram of a four-bar linkage OABC is obtained after determining the center B as the intersection point of the

curve b with the circle u. The circle U is the geometric location of points from which the segment PB s visible at the
transmission angle y = 90° +|6|, where 8 is the pressure angle. The line PB intersects the curve a in the center 4 and makes an
angle v with the axis x. Then (4) determines the project parameter &, = tgv required for the synthesis.

2.2. Special Case
A special case in which y' = const, y" = y"=0. Then from (1), (2) and (3) is obtained

xp =y'=const, £1=90° xy =xp +3Ly' [ (1-p'?). (10)

The Burmester curves disintegrated to (until) the polar normal »n = Ox and two circles a and b, symmetrically located with
respect to the Ox axis. The circles have diameters, respectively

:| 3Ly’ |
|-y 2p'-1)]

3Ly’ | 4y

) 11
—y)2-y)| b

|
da—|(1
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III. SYNTHESIS OF A MECHANISM FOR ASYMMETRIC OPENING OF THE GRIPPER'S JAWS

In this section, through two examples, an exemplary application of the developed mathematical model is shown - synthesis
of a mechanism for asymmetric opening of the gripper's jaws and synthesis of a gripper for transferring plates from one position
to another with different technologies in microelectronics.

For synthesis, the programs MathCad (for the mathematical model) and AutoCAD (for visualizing the obtained results) were
used.

3.1. Synthesis of a mechanism for asymmetric opening of the gripper's jaws
Asymmetrical opening of the jaws can be achieved by connecting the two gripping’s levers with a connecting rod. A four-

bar mechanism OABC (Fig. 2) is formed, which is synthesized under the condition y’ = const, y" = y"=0. When y'=-0.5,L =

45mm, from (10) is obtained xP = 15, u = 90°, xH = -75. Burmester curves disintegrate at the polar normal 7 = Ox and into
symmetrically Ox axis located circles a and b with diameters da = 18mm, db = 22.5mm. The circles touch the center P (relative
instantaneous center of velocity) and intersect the Ox axis at points with ordinates xa = - 3 and xb = 37.5.

=

TN~ — U

Fig. 2.Four-bar linkage OABC for asymmetric opening of the gripper jaws
3.2. Gripper for transferring plates from one position to another with different technologies in microelectronics

One of the main requirements for these grippers is to provide and perform supple, shock-free and smooth stopping
movement of the jaws in their working position (Fig. 3) when gripping the plates. The gripper consists of a gripping mechanism
constructed by levers 2 and 3 movably connected to the connecting rod /. Separator-shaped blocks (jaws) for gripping the plates
and a transmission mechanism with a higher kinematic pair (inverse cam mechanism) are attached to them. The cam mechanism
is reduced to a conditionally kinematically equivalent four-bar linkage OABC. The levers 2 and 3 are opened symmetrically
thanks to the four-bar linkage CDEF formed by the frame 0 and the links 2 and 3 linked to the connecting rod / (Figure 3b).

The requirement for smooth and shock-free access of the jaws to the plates is reduced to three main conditions:
(a) y'= 0 - takes value of 0 of the velocity ¢ of the levers;
(b) M,, = 0 - takes value of 0 of the reduced moment M,, of inertial forces to the axis of link 3;
(c) M,' =0 - takes value of 0 of the derivative M,,’ of the reduced moment M,,.

Condition (a) is fulfilled when the input angular velocity ¢ and the first transfer function y'=dy /dp =y /¢ are reset

individually or together because y =@y’ . If only w' = 0, the functional generator mechanism is dead-center position, but the
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. . _ -2 2 2 2 . . . .
reduced mass moment of inertia /,, =I.y +mCIOSC +1 + 13 +myl s, +m3[OS3 relative to the C axis theoretically increases

(0)
infinitely. This leads to a corresponding infinite increase in the moment of inertial forces M, = 0 even at small angular
acceleration values 17 . This provokes (generates, gives rise to,) a correspondingly infinite increase in the moment of the inertial
forces M, = 0 even at small angular acceleration values i/ . Infinitely close to the operating position of the mechanism, a large
inertial load and corresponding vibrations of the gripper links will occur. In the infinitesimal neighborhood of the working

position of the mechanism will be a large inertial load and corresponding vibrations of the gripper links. Therefore, condition (a)
is best met if @ =0 at y'# 0.

(b)

Fig. 3.Plate gripper for microelectronics and graphic constructions related to the synthesis of:

(a) gripping mechanism; (b) a functional generator mechanism connecting the levers 2 and 3

The entered notations are: /. and m,. - mass moment of inertia and mass of the crank OA together with the roller; 7,, I; and m,,
m3 - mass moments of inertia and masses of links 2 and 3 to the axes of which the mass of link 7 is concentrated.
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Condition (b) M, = 0 will be fulfilled if y = ¢zw" + @' =0. Then the input angular velocity ¢ =0 and the input angular

acceleration ¢ =d 2¢) /dt* = 0. Smoother stopping of the jaws will be achieved if the condition is additionally met " = 0.

Condition (c) M," = 0 will be executed successfully if both addends to M, =1,y"+1,y /¢ are with value of 0.

Obviously, this is possible when " = 0 and ' =0 . The condition ¥ =0 is fulfilled if the three addends of the derivative of the
output angular acceleration 7 = ¢3y/’”+3¢')¢(//"+§/71//' are with value of 0. This is possible if ¢ =@ =y =0. The change of M,

infinitely close to the working position of the gripper will be smaller if the derivative IV'/ = —211(//"1//'_3 is reset, which is possible

" —

if again " = 0 and y' # 0. The deviation of M’ from zero in the immediate vicinity the working position of the mechanism will
be less if additional "= 0.

From the general conditions (a), (b) and (c) we come to the specific conditions:
(d) p=9p=9=0
) vy =0, y"=0, y"=0.

The conditions (d) require a law of motion of the input unit where, at the moment of stopping, the first three derivatives of ¢
with respect to time ¢ are with value 0 simultaneously. This means that the function ¢() needs to be a polynomial of exponent four
or higher, or another trigonometric or power-trigonometric polynomial. This polynomial must satisfy conditions (d) [19] at the
moment of reaching the working position of the gripper, in which the jaws grip the plates.

Conditions (e) can be fulfilled by an oscillating roller follower cam mechanism, which corresponds to a conditionally
kinematically equivalent four-bar linkage O4ABC (Fig. 3b).

Initial data for the synthesis of the kinematic diagram of the functional generator mechanism of the gripper: L = oc =51,
w'=0.25,y"=y"=0.

From (10) is obtained xp = - 17, u = 90°, x5 = 23.8 (d,. = 40.8). The Burmester curves disintegrated to polar normal #n = Ox
and two circles a and b, symmetrically located with respect to the Ox axis. The circles have diameters, respectively d, =
29.143mm, d,= 102mm.

The circles are tangent to the center P and their centers are on the axis Ox at points with ordinates, respectively x, = 12.143
and x,=-119.

At k, = - 4 (value calculated at |6| = 10°) the coordinates x4 = - 15.286 and y, = - 6.857 are obtained from the intersection of
lines through the center P respectively with the circles a and b. The use of the equations of the circles a and b can be avoided if
(4) to (9) of the linear mathematical model for synthesis are applied.

These results make it possible to synthesize two kinematically equivalent mechanisms:
- four-bar linkage in the design position of the crank OA4, determined by the angle ¢ =arcig(kpp)=24.161° with
parameters: loy = 16.754, ;3 =31.807, Izc = 77.784;

- inverse cam mechanism with parameters /p, = 16.754 and p = 36.807 also for roller radius » = 5. This mechanism was
preferred due to smaller dimensions and gaps.

The four-bar mechanism CDEF (Fig. 3b) was synthesized under conditions L =CF =120, y' = - 1,y" =" =0, which
provides symmetrical opening of the jaws of the gripper in a limited interval. The Burmester curves disintegrate into the polar
normal and into two circles a and b, mirror situated with respect to the polar tangent ¢.

The diameters of the circles are d, = d, = L / 2. At a definite value of the angle v = 20° the dimensions are obtained:
lep =1lgp =0.5Lsinyv =20.521 and /pp = Lcosv =112.763.
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IV. CONCLUSION

The derived new computer-applied linear mathematical model would facilitate the engineers in the synthesis of four-bar
linkages for grippers and other devices in the proximity of a given project position of the gripping levers. The model is based on
the theory of stationary curvature (cubic of stationary curvature) and in particular on the Carter-Hall circle for generating
Burmester curves. The model also includes a condition for achieving a certain value of the pressure angle, whereupon is uniquely
determined the kinematic diagram of the mechanism.

The use of the mathematical model is illustrated by two examples for the synthesis of the mechanisms of two grippers with
practical application. The first gripper refers to the synthesis of a mechanism with asymmetric opening of the jaws, and the second
- to the gripper for transferring plates from one position to another in various technologies in microelectronics.
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