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Abstract – Let 𝐆 and 𝐇 be two arbitrary graphs. The notation 𝐅 → 𝐆, 𝐇  means that any red-blue coloring of every edge of graph 𝐅 
always resulting a red subgraph containing 𝐆 or a blue subgraph containing 𝐇. Denote 𝐅∗: 𝐅\ 𝐞  for any edge of 𝐅. The notation 
𝐅∗ ↛ 𝐆, 𝐇  means that there exists a coloring of 𝐅∗ such that 𝐅∗ does not contain red 𝐆 and blue 𝐇. The class 𝓡 𝐆, 𝐇  states a set of 
graphs satisfying: (1) 𝐅 → 𝐆, 𝐇 . (2) ∀𝐞 ∈ 𝐅, 𝐅∗: 𝐅\ 𝐞 , 𝐅∗ ↛ 𝐆, 𝐇 . In this paper, some graphs in 𝓡 𝐚𝐊𝟐, 𝐛𝐊𝟑,𝐧  are obtained, 

where 𝐚𝐊𝟐 is a matching and 𝐛𝐊𝟑,𝐧 is a disjoint union of complete bipartite graphs 𝐊𝟑,𝐧 for positive integer 𝐧.  
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I. INTRODUCTION 

All graphs in this paper are considered undirected, finite and simple. Let G and H be two arbitrary graphs. If the edges of G 
are given arbitrary red-blue coloring, then the notation F → G, H  means that F contains red subgraph G or blue subgraph H. If 
the coloring makes F does not contain red G and blue H, then we denote that F ↛ G, H . Graph F is a Ramsey G, H -minimal 
graph, denoted by F ∈ ℛ G, H , if F → G, H  and F\ e ↛ G, H  ∀e ∈ E F  [3]. Other notations and definitions are taken from 
Diestel [7]. 

Burr et al. [4] showed that for every positive integer m and an arbitrary graph H, the class ℛ mK , H  is finite. Some results 
related to the finite class are as follows. Burr et al. [5] discussed about the Ramsey minimal graphs for ℛ 2K , H , where H is a 
matching. Baskoro and Wijaya [1] determined some graphs in ℛ 2K , K , where K  is a complete graph on 4 vertices. Baskoro 
and Yulianti [2] focused on the graphs in ℛ 2K , P , where P  is a path on n vertices. 

In [10] Mengersen and Oeckermann considered about ℛ 2K , K , , where K ,  is a star on n 1 vertices. Next, Muhshi 

and Baskoro determined the graphs in ℛ 3K , P . Wijaya et al. [14] listed some graphs in ℛ 3K , K . Wijaya et al. also gave 
complete list of graphs in ℛ 2K , K  and ℛ 2K , C  (see [19] and [20]). Moreover, Wijaya et al. [15] discussed about the 
characterizations of graphs in ℛ mK , H  for an arbitrary graph H. Wijaya et al. [13] also gave some characterizations of graphs 
in ℛ 2K , 2H  for an arbitrary graph H. Another results are graphs in ℛ 4K , P , ℛ mK , P  and ℛ 4K , P  (see [16], [17], 
and [18]). 

Nabila et al. [12] gave some graphs in ℛ aK , bK ,  and Fajri et al. [8] gave some graph in ℛ aK , bK , . In this paper we 

study the finite class ℛ aK , bK , , where aK  is a union of complete graphs K  and bK ,  is a union of complete bipartite 

graphs K ,  for positive integer n. 
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II. MAIN RESULT 

The definition of Ω t, 3, n , for t, n ∈ ℕ is given in Definition 2.    

Definition 2,1.   Let t and n be two positive integers. The vertex set and edge set of Ω t, 3, n  are given as follows.  

           V Ω t, 3, n x , y , z |1 i 3; 1 j n t; 1 k t , 

           E Ω t, 3, n x y , y z |1 i 3; 1 k t   for   1 j n;  j n 1 k t   for   n 1 j n t . 

Graph Ω t, 3, n  for t, n ∈ ℕ is given in Figure 1. It can easily be seen that the graph is a non-complete bipartite graph. 

 

Figure  1: Ω t, 3, n  

In Lemma 2.1 - Lemma 2.2, we give the properties of Ω t, 3, n  for t, n ∈ ℕ.   Let Ω t, 3, n  be a graph in Definition 2.  

Lemma 2.2.  The graph Ω t, 3, n  contains a perfect matching if n 3, contains a non-perfect matching if n 3, and the 
maximum cardinality of the matching is |M Ω t, 3, n | 3 t, for t, n ∈ ℕ.   

Proof. Partition the set V Ω t, 3, n  into two partitions, namely V U x ∈ V Ω t, 3, n |1 i 3 ∪ z ∈
V Ω t, 3, n |1 k t  and V W y ∈ V Ω t, 3, n |1 j n t . Note that the number of vertices in the first and 

second partition sets are, respectively, |V U | 3 t and |V W | n t . The cardinality of the maximum matching of 
Ω t, 3, n  is |M Ω t, 3, n | 3 t, with M Ω t, 3, n x y , y z ∈ E Ω t, 3, n |1 i 3; 1 j t; . Next, if n 3, then 

M Ω t, 3, n M Ω t, 3, n  so that the graph Ω t, 3, n  have a perfect matching. Furthermore, if m n, then there is a vertex 
set N y ∈ V Ω t, m, n |3 t 1 i n t  such that N ⊈ M Ω t, 3, n  such that the graph Ω t, 3, n  is not a perfect 
matching.  

(Q.E.D)  

Lemma 2.3.  Let Ω t, 3, n  be a graph in Definition 2. Let F ⊆ Ω t, 3, n  with |M F | k. Let H ⋃  K , ⊆ Ω t, 3, n , 

where s i  is the maximum degree that can be formed from the i  star graph. Then, F ⊆ H.   

Proof. Because Ω t, 3, n  is bipartite, and F, H ⊆ Ω t, 3, n , then F and H are also bipartite. Therefore, there is no odd cycle 
and no complete graph K  for n 3 in graph F and H. By Lemma 2.2, since |M Ω t, 3, n | 3 t and F ⊆ Ω t, 3, n , then 

|M F | k, for 1 k 3 t. Next, we construct H ⋃  K , ⊆ Ω t, 3, n , with s i  is the maximum degree that can be 

formed from the i  star graph. Since every vertex on graph H has a maximum degree respect to Ω t, 3, n , so the number of 
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vertices and edges of graph H is also maximum. Since |M H | |M F | k, the graphs H, F ⊆ Ω t, 3, n , and H are graphs 
with a maximum number of vertices and edges, then F ⊆ H.  

(Q.E.D) 

In Theorem 2.4, we show that for some positive integers t and n, Ω t, 3, n  is a Ramsey-minimal graph for t
1 K , K , . 

Theorem 2.4. Let Ω t, 3, n  be a graph in Definition 2. Let t and n be two positive integers. Then, Ω t, 3, n ∈ ℛ t
1 K , K , .   

Proof. First, we show that Ω t, 3, n → t 1 K , K , . Consider any red-blue coloring of the edges of the graph 

Ω t, 3, n . Suppose that there is no red t 1 K  in the coloring. Therefore, the possible maximum red subgraph is tK . The 
graphs that may contain red tK  are complete graphs K , odd cycle C , path P , and any other graph that has t as the 
cardinality of their maximum matching. Since Ω t, 3, n  is a bipartite graph, we know that there is no odd cycle in the graph. 
Therefore, the possibility of a red graph in the form of C , or a combination of several odd-cycle graphs with a maximum 
cardinality of matching t, can be ignored. Next, since C ⊆ Ω t, 3, n  and C ⊆ K  for t 3, we know that there is no 
complete graph K  in the graph Ω t, m, n . Therefore, the possibility of a red graph in the form of K , or a combination of 
several complete graphs K , for s 3 with a maximum cardinality of matching t, can also be ignored. 

Denote 𝔽 as the set containing all graphs with the cardinality of the maximum matching of t and F ⊆ Ω t, 3, n , ∀F ∈ 𝔽. It 
can be seen that |M tK | |M F | t, ∀F ∈ 𝔽. From Lemma 2.3, we know that F ⊆ ⋃  K , H ⊆ Ω t, 3, n , where 

s i  is the maximum degree that can be formed from the i  star graph in Ω t, 3, n . Therefore, the combination of t star graphs 
has represented all cases of the pissibilities of the red tK  in Ω t, 3, n . 

We construct the red-blue coloring of Ω t, 3, n  as follows.   

    1.  Every edge that incident with r vertices on X x ∈ V Ω t, 3, n |1 i 3 , with 0 r t are colored red. 
Denote this set of red vertices as R.  

    2.  Every edge that incident with s vertices on Y y ∈ V Ω t, 3, n |1 j n t , with 0 s t r are colored 

red. Denote this set of red vertices as S.  

    3.  Every edge that incident with t r s vertices on Z z ∈ V Ω t, 3, n |1 k t  are colored red. Denote this 
set of red vertices as P.  

    4.  The remaining edge are colored blue. Denote this blue subgraph as B.  

Consider the vertex set V B . Denote the vertex sets B V B ∩ X R, B V B ∩ Y S, and B V B ∩ Z
P. Take all the vertices on B , n the first point on B , and r the last vertices on B . Denote the set of all the vertices that have 
been taken as 𝔹 . Then, add some edges between every vertex in 𝔹 , and denote 𝔹  as the set containing these new edges, 
with the condition 𝔹 ⊂ E B . Note that the vertex set 𝔹  and the edge set 𝔹  build up the graph K , . Then, for every 

possibility of red tK , we always have a blue K , . Therefore, Ω t, n, m → t 1 K , K , . 

Next, we show that ∀e ∈ E Ω t, 3, n ,     Ω t, 3, n ∗: Ω t, 3, n  \ e ↛ t 1 K , K , . We list all the possibilities of 

the red-blue coloring of the edges of Ω t, 3, n ∗ such that it does not contain p 1 K  red and K ,  blue in Table 1 as follows. 

 

 

 

 

 

 



On the Ramsey Minimal Graphs for Matching and Disjoint Union of Complete Bipartite Graphs 
 

 
 
Vol. 36 No. 1 December 2022                ISSN: 2509-0119 201

Table 1:  The Possibilities of the red-blue coloring of the edges of Ω t, 3, n ∗ 

such that it does not contain red p 1 K  and blue K ,  

Cas
e 

Edge deletion For Condition 

1 x y   1 i 3; 1 j n   t 3; i t 2 

Red Edge Incident 
with 

 x    1 k t 1; k i  

2 x y   1 i 3; 1 j n   t 3; i t 2.  

Red Edge Incident 
with 

 x    1 k p  

3 x y   1 i 3; n 1 j n t 1   t 3; i t n 2 j.  

Red Edge Incident 
with 

 x    1 k t n 1 j;k i  
 y    1 r j n  

4 x y   1 i 3; n 1 j n t 1   t 3; i t n 2 j.  

Red Edge Incident 
with 

 x    1 k t n j  
 y    1 r j n  

5 x y   1 i 3   t 3.  
Red Edge Incident 

with 
 y    1 r t  

6 x y   1 i 3; 1 j n   t 3.  

Red Edge Incident 
with 

 x    1 k 3; k i  
 z    t 3 1 s t  

7 x y   1 i 3; n 1 j n t 3   t 3.  

Red Edge Incident 
with 

 x    1 k 3; k i  
 y    1 r j n  

 z    j n 3 s t  
8 x y   1 i 3; n t 2 j n t 1  t 3; i j n t 3.  

Red Edge Incident 
with 

 x    j n t 4 k 3  

 y    1 r j n  
9 x y   1 i 3; n t 2 j n t 1  t 3; i j n t 3.  

Red Edge Incident 
with 

 x    j n t 3 k 3; k i  
 y    1 r j n  

10 x y   1 i 3   t 3  
Red Edge Incident 

with 
 x    1 k t  

11 y z   1 i n    

Red Edge Incident 
with 

 x    k 1  

 z    2 s t  
12 y z   1 i n j 1; 2 j t 1   i j  

Red Edge Incident 
with 

 x    k 1  

 y    1 r j;r i  
 z    j 1 s t  

13 y z   1 i n j 1; 2 j t 1   i j  

Red Edge Incident 
with 

 x    k 1  

 y    1 r j 1  
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 z    j 1 r t 1  
14 y z   1 i n t 1   i j  

Red Edge Incident 
with 

 x    k 1  

 y    1 r t; r i  
 

For example, consider Case 1. This case holds for t 3. One edge that is deleted in the graph Ω t, 3, n ∗ is one of x y , for 

1 i 3 and 1 j n. If i t 2 , then color all edges that incident to x , for 1 k t 1 and k i , with red color. 
The remaining edges are colored blue. Note that there is neither red nor blue t 1 K  in the red-blue Ω t, 3, n ∗ coloring. 
Other cases are explained similarly. Based on the 14 cases above, we have that Ω t, 3, n ∗ ↛ t 1 K , K , .  

 (Q.E.D)  

In Definition 2.5, we define graph a b 1 K ,  for n ∈ ℕ.    

Definition 2.5. Let a, b, and n be three positive integers. Let K ,  be the s  complete bipartite graph, for 1 s a b 1. 

Denote a b 1 K , ∪ K , . The vertex set and edge set of a b 1 K ,  are given as follows.  

 V K , x , , y , |1 i 3; 1 j n; 1 t a b 1 , 

 E K , x , y , |1 i 3; 1 j n; 1 t a b 1 . 

Graph a b 1 K ,  is given in Figure 2.  

 

Figure  2: a b 1 K ,  

In Theorem 2.6, we show that for some positive integers a, b, and n, the graph a b 1 K ,  is a Ramsey-minimal 

graph for aK , bK ,  . 

Theorem 2.6. Let a, b, and n be three positive integers. Let a b 1 K ,  be a graph in Definition 0. Then, a b
1 K , ∈ ℛ aK , bK , .   

Proof. First, we show that a b 1 K , → aK , bK , . Consider any red-blue coloring of the edges of the graph 

a b 1 K , . Suppose that there is no red aK  in the coloring. Therefore, the possible maximum red subgraph is a

1 K . Without loss of generality, color any edge of the graph K , , for 1 i a 1 with one red K  each, and the remaining 

edge are colored blue. Note that the subgraph K ,  does not contain K ,  blue and b subgraph K ,  contain bK ,  blue, for 

a 1 j a b 1. Therefore, a b 1 K , → aK , bK , . 

Next, we show that ∀e ∈ a b 1 K , , a b 1 K ,
∗  := a b 1 K , \ e ↛ aK , bK , . Without loss of 

generality, let the deleted edge is in the subgraph K , . Then, color any edge of the subgraph K , , for 2 i a with one red 

K , and the remaining edge are colored blue. Note that the subgraph K ,  does not contain K ,  blue and b subgraph K ,  only 

contains b 1 K ,  blue, for a 1 j a b 1. Therefore, a b 1 K , ↛ aK , bK , .   

 (Q.E.D) 
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III. CONCLUSIONS 

In this paper, we have determined that Ω t, 3, n ∈ ℛ t 1 K , K ,  and a b 1 K , ∈ ℛ aK , bK , . 
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