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Abstract—This study developed a four-dimensional prey-predator model consisting four groups, i.e. immature prey, mature prey, 
immature predator, and mature predator. The reproduction of the prey depends on the mature group. Only mature predators take part 
in predation and prefer to consume mature prey populations. Analysis on the system by determining the equilibrium point of the prey-
predator model. The results of the stability analysis obtained three equilibrium point i.e. the extinction of all species, the extinction of 
predator, and the existence of all species. Stability of model is analyzed based on the eigenvalues of the Jacobian matrix and by using 
Routh's criteria. Numerical simulations are carried out to confirm analytical results.  Furthermore, numerical simulation by different 
parameter is provided. There are three cases at the equilibrium point of the existence of all species where the parameters 𝛂 and 𝛃 are 
different. The results show that  the prey and predator populations will be stable or will not experience extinction for the all species 
equilibrium point. 
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I. INTRODUCTION 

Every life phenomenon can be presented in the form of a mathematical model. The first mathematical model describing the 
dynamics of the population between prey and predators is known as the Lotka-Volterra model. The Lotka-Volterra model was 
introduced by the American biophysicist Alfred Lotka and the Italian mathematician Vito Volterra in 1926 [2]. The model is often 
used to describe the dynamics of a system consisting of two populations, i.e. population that is preyed on called as prey-
population and the population that preys on called predator-population and both of them are known as the prey-predator model. 
The prey-predator model states that the prey population will increase if it is little or no prey population; on the contrary, the 
predator population will increase if the prey population is large and will decrease if no more prey is preyed on.  Moreover, the 
increase in prey and predator populations depends on time [4]. 

Interactions between prey and predator do not only occur in two populations but it can be more than one prey and predator. 
There is predation involving one prey and two predators in some ecosystems. An example of such predation is the brown 
planthopper (Nilaparvata lugens) in rice plants which is preyed upon by natural enemies such as beetles (Menochilus 
sexmaculatus) and ladybugs (Cyrtorhinus lividipennis). The Lotka-Volterra model developed by involving the interaction 
between one prey and two predators with the assumption that the growth of prey and predator will follow the growth of logistics 
and the competition between the two predators has been discussed by Taufik and Denik (2018) [6]. Satria et al (2020) discussed 
prey-predator model about holling type II functional response [5]. 

The prey-predator model by considering the growth rate that depends on the population density in immature and mature prey 
groups has been discussed by Abrams and Quince (2005) [1]. The study analyzed the stability conditions and the impact of death 
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(1) 

(2) 

on predators. Ghosh et al (2020) discussed prey-predator models for several groups, i.e. immature and mature prey and immature 
and mature predators [3]. They analyzed the stability of the model and the mortality impact of each population group. This study 
discusses the prey-predator model which refers to the model [3]. 

II. PREY-PREDATOR SYSTEM 

2.1 Mathematical Model 

The prey-predator model with age structure is presented in the form of a system of differential equations. This model is 
developed based on the following assumptions [3]: 

a. Prey and predator population have four  groups, i.e. the immature prey and predator groups and the mature prey and predator 
groups. 

b. The rate of reproduction depends on the mature groups in each groups. 

c. Only mature predators take part in predation and prefer to consume mature prey populations. 

Based on the above assumptions, the prey-predator model consisting of groups of immature and mature prey as well as 
immature and mature predators is presented in the following system of differential equations : 

𝑑𝑥ଵ

𝑑𝑡
ൌ 𝑟ଵ𝑥ଶ െ 𝑏ଵ𝑥ଵ െ 𝜇ଵ𝑥ଵ, 

ௗ௫మ

ௗ௧
ൌ 𝑏ଵ𝑥ଵ െ 𝛾𝑥ଶ

ଶ െ
ఈ௫మ௬మ

௛ା௫మ
െ 𝜇ଶ𝑥ଶ, 

𝑑𝑦ଵ

𝑑𝑡
ൌ 𝑟ଶ𝑦ଶ െ 𝑏ଵ𝑦ଵ െ 𝑚ଵ𝑦ଵ, 

𝑑𝑦ଶ

𝑑𝑡
ൌ 𝑏ଵ𝑦ଵ ൅

𝛽𝛼𝑥ଶ𝑦ଶ

ℎ ൅ 𝑥ଶ
െ 𝑚ଶ𝑦ଶ, 

where 𝑥ଵ, 𝑥ଶ, 𝑦ଵand 𝑦ଶare the population of immature prey, mature prey, immature predator,and mature predator at timet; 𝑟ଵ is 
the maximum growth rate per capita of mature prey; 𝑏ଵ is the transition rate from immature prey to mature groups; 𝑟ଶis the 
reproductive rate for mature predator. Then, 𝑏ଶ is the maximum growth rate per capita of mature predators; 𝜇௜ and 𝑚௜ are the 
natural mortality rate of prey and predator where 𝑖 ൌ 1,2; then 𝛾 is the strength of competition between mature prey; 𝛾𝑥ଶ

ଶ the 

crowding effect among mature prey classes; the functional responseof Holling type II  
ఈ௫మ

௛ା௫మ
  is predation where 𝛼 is attack rate, 𝛽 

is the conversion coefficient, and  is the half-saturation constant. 

III. RESULT AND DISCUSSION 

3.1 Stability Analysis 

There are three equilibrium points of the system of equations (1), i.e.: 

1. The Extinction of All Species 𝑆଴ ൌ ሺ0,0,0,0ሻ. 

The Jacobian matrix of equilibrium point 𝑆଴ is 

𝐽 ൌ ൦

െሺ𝑏ଵ ൅ 𝜇ଵሻ
𝑏ଵ
0
0

𝑟ଵ
െ𝜇ଶ

0
0

0
0

െሺ𝑏ଵ ൅ 𝑚ଵሻ
𝑏ଶ

0
0
𝑟ଶ

െ𝑚ଶ

൪ 

Eigenvalues from matrix Jacobian (2) is 𝜆ଵ,ଶ ൌ െ
ଵ

ଶ
൫𝜇ଶ ൅ 𝜇ଵ ൅ 𝑏ଵ േ ඥ𝐷ଵ ൯ and 𝜆ଷ,ସ ൌ െ

ଵ

ଶ
൫𝑚ଶ ൅ 𝑚ଵ ൅ 𝑏ଶ േ ඥ𝐷ଶ ൯ where 

𝐷ଵ ൌ ሺ𝜇ଶ ൅ 𝑏ଵ ൅ 𝜇ଵሻଶ െ 4ሺ𝑏ଵ𝜇ଶ ൅ 𝜇ଵ𝜇ଶ െ 𝑟ଵ𝑏ଵሻ, 

𝐷ଶ ൌ ሺ𝑚ଶ ൅ 𝑏ଶ ൅ 𝑚ଵሻଶ െ 4ሺ𝑏ଶ𝑚ଶ ൅ 𝑚ଵ𝑚ଶ െ 𝑟ଶ𝑏ଶሻ. 

The equilibrium point 𝑆଴ is asymptotically stable if 
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(3) 

 𝐷ଵ ൏ 0 so 𝑅𝑒൫𝜆ଵ,ଶ൯ ∈ 𝐶 with 𝜆ଵ,ଶ ൏ 0 

 𝐷ଵ ൒ 0 so 𝜆ଵ,ଶ ∈ ℛ.  If ሺ𝜇ଶ ൅ 𝜇ଵ ൅ 𝑏ଵሻ ൒ ඥ𝐷ଵ so  𝜆ଵ,ଶ ൏ 0. 

 

2. The Extinction of Predator 𝑆 ൌ ሺ𝑥ଵ, 𝑥ଶ, 0,0ሻ 

where 

𝑥ଵ ൌ
𝑟ଵ𝑥ଶ

𝑏ଵ ൅ 𝜇ଵ
, 

𝑥ଶ ൌ
𝑟ଵ𝑏ଵ െ 𝜇ଶሺ𝑏ଵ ൅ 𝜇ଵሻ

𝛾ሺ𝑏ଵ ൅ 𝜇ଵሻ
. 

The Jacobian matrix of equilibrium point 𝑆 is 

𝐽 ൌ

⎣
⎢
⎢
⎢
⎡െሺ𝑏ଵ ൅ 𝜇ଵሻ

𝑏ଵ
0
0

𝑟ଵ
2𝛾𝑥ଶ െ 𝜇ଶ

0
0

0
0

െሺ𝑏ଵ ൅ 𝑚ଵሻ
𝑏ଶ

0
െ

ఈ௫మ

௛ା௫మ
𝑟ଶ

ఉఈ௫మ

௛ା௫మ
െ 𝑚ଶ⎦

⎥
⎥
⎥
⎤

 

Eigenvalues from matrix Jacobian (3) is 𝜆ଵ,ଶ ൌ െ
ଵ

ଶ
൫2𝛾𝑥ଶ ൅ 𝜇ଶ ൅ 𝑏ଵ ൅ 𝜇ଵ േ ඥ𝐷ଵ ൯ and 𝜆ଷ,ସ ൌ െ

ଵ

ଶ
ቀെ

ఉఈ௫మ

௛ା௫మ
൅ 𝑚ଶ ൅ 𝑏ଶ ൅

𝑚ଵ േ ඥ𝐷ଶ ቁ where, 

𝐷ଵ ൌ ሺ2𝛾𝑥ଶ ൅ 𝜇ଶ ൅ 𝑏ଵ ൅ 𝜇ଵሻଶ െ 4ሺ2𝛾𝑥ଶ𝑏ଵ ൅ 𝜇ଶ𝑏ଵ ൅ 2𝛾𝑥ଶ𝜇ଵ ൅ 𝜇ଵ𝜇ଶ െ 𝑟ଵ𝑏ଵሻ, 

𝐷ଶ ൌ ቆെ
𝛽𝛼𝑥ଶ

ℎ ൅ 𝑥ଶ
൅ 𝑚ଶ ൅ 𝑏ଶ ൅ 𝑚ଵቇ

ଶ

െ 4 ቆെ
𝛽𝛼𝑥ଶ𝑏ଶ

ℎ ൅ 𝑥ଶ
൅ 𝑏ଶ𝑚ଶ െ

𝛽𝛼𝑥ଶ𝑚ଵ

ℎ ൅ 𝑥ଶ
൅ 𝑚ଵ𝑚ଶ െ 𝑟ଶ𝑏ଶቇ. 

The equilibrium point 𝑆  is asymptotically stable if 

 𝐷ଵ ൏ 0 so 𝑅𝑒൫𝜆ଵ,ଶ൯ ∈ 𝐶 with 𝜆ଵ,ଶ ൏ 0 

 𝐷ଵ ൒ 0 so 𝜆ଵ,ଶ ∈ ℛ.  If ሺ2𝛾𝑥ଶ ൅ 𝜇ଶ ൅ 𝑏ଵ ൅ 𝜇ଵሻ ൒ ඥ𝐷ଵ so  𝜆ଵ,ଶ ൏ 0. 

 

3. The Existence of All Species 𝑆∗ ൌ ሺ𝑥ଵ
∗, 𝑥ଶ

∗, 𝑦ଵ
∗, 𝑦ଶ

∗ሻ 

where 

𝑥ଵ
∗ ൌ

𝑟ଵ𝑥ଶ
∗

𝑏ଵ ൅ 𝜇ଵ
, 

𝑥ଶ
∗ ൌ

஺௛

ఉఈି஺
, 

𝑦ଵ
∗ ൌ

𝑟ଶ𝑦ଶ
∗

𝑏ଶ ൅ 𝑚ଵ
, 

𝑦ଶ
∗ ൌ

ℎ ൅ 𝑥ଶ
∗

𝛼
൬

𝑟ଵ𝑏ଵ

𝑏ଵ ൅ 𝜇ଵ
െ 𝜇ଶ െ 𝛾𝑥ଶ

∗൰, 

and 

𝐴 ൌ 𝑚ଶ െ
௥మ௕మ

௕మା௠భ
. 
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(4) 

(5) 

The Jacobian matrix of equilibrium point  𝑆∗ is 

𝐽 ൌ

⎣
⎢
⎢
⎢
⎡െሺ𝑏ଵ ൅ 𝜇ଵሻ

𝑏ଵ
0
0

𝑟ଵ

2𝛾𝑥ଶ െ
ఈ௬మ

௛ା௫మ
൅

ఈ௫మ௬మ

ሺ௛ା௫మሻమ െ 𝜇ଶ

0
ఉఈ௬మ

௛ା௫మ
െ

ఉఈ௫మ௬మ

ሺ௛ା௫మሻమ

0
0

െሺ𝑏ଵ ൅ 𝑚ଵሻ
𝑏ଶ

0
െ

ఈ௫మ

௛ା௫మ
𝑟ଶ

ఉఈ௫మ

௛ା௫మ
െ 𝑚ଶ⎦

⎥
⎥
⎥
⎤

 

 

Therefore, the characteristic equation of the Jacobian matrix (1) is 

𝜆ସ ൅ 𝑎ଷ𝜆ଷ ൅ 𝑎ଶ𝜆ଶ ൅ 𝑎ଵ𝜆 ൅ 𝑎଴ ൌ 0 

where 

𝑎ଷ ൌ െሺ𝑎ଵଵ ൅ 𝑎ଶଶ ൅ 𝑎ଷଷ ൅ 𝑎ସସሻ, 

𝑎ଶ ൌ 𝑎ଵଵ𝑎ଶଶ ൅ 𝑎ଵଵ𝑎ଷଷ ൅ 𝑎ଵଵ𝑎ସସ െ 𝑎ଵଶ𝑎ଶଵ െ 𝑎ଵଷ𝑎ଷଵ െ 𝑎ଵସ𝑎ସଵ ൅ 𝑎ଶଶ𝑎ଷଷ ൅ 𝑎ଶଶ𝑎ସସ െ 𝑎ଶଷ𝑎ଷଶ െ 𝑎ଶସ𝑎ସଶ ൅ 𝑎ଷଷ𝑎ସସ െ 𝑎ଷସ𝑎ସଶ, 

𝑎ଵ ൌ െ𝑎ଵଵ𝑎ଶଶ𝑎ଷଷ െ 𝑎ଵଵ𝑎ଶଶ𝑎ସସ ൅ 𝑎ଵଵ𝑎ଶଷ𝑎ଷଶ ൅ 𝑎ଵଵ𝑎ଶସ𝑎ସଶ െ 𝑎ଵଵ𝑎ଷଷ𝑎ସସ ൅ 𝑎ଵଵ𝑎ଷସ𝑎ସଷ ൅ 𝑎ଵଶ𝑎ଶଵ𝑎ଷଷ ൅ 𝑎ଵଶ𝑎ଶଵ𝑎ସସ

െ 𝑎ଵଶ𝑎ଶଷ𝑎ଷଵ െ 𝑎ଵଶ𝑎ଶସ𝑎ସଵ െ 𝑎ଵଷ𝑎ଶଵ𝑎ଷଶ ൅ 𝑎ଵଷ𝑎ଶଶ𝑎ଷଵ ൅ 𝑎ଵଷ𝑎ଷଵ𝑎ସସ െ 𝑎ଵଷ𝑎ଷସ𝑎ସଵ െ 𝑎ଵସ𝑎ଶଵ𝑎ସଶ

൅ 𝑎ଵସ𝑎ଶଶ𝑎ସଵ െ 𝑎ଵସ𝑎ଷଵ𝑎ସଷ ൅ 𝑎ଵସ𝑎ଷଷ𝑎ସଵ െ 𝑎ଶଶ𝑎ଷଷ𝑎ସସ ൅ 𝑎ଶଶ𝑎ଷସ𝑎ସଷ ൅ 𝑎ଶଷ𝑎ଷଶ𝑎ସସ െ 𝑎ଶଷ𝑎ଷସ𝑎ସଶ

െ 𝑎ଶସ𝑎ଷଶ𝑎ସଷ ൅ 𝑎ଶସ𝑎ଷଷ𝑎ସଶ, 

𝑎଴ ൌ 𝑎ଵଵ𝑎ଶଶ𝑎ଷଷ𝑎ସସ െ 𝑎ଵଵ𝑎ଶଶ𝑎ଷସ𝑎ସଷ െ 𝑎ଵଵ𝑎ଶଷ𝑎ଷଶ𝑎ସସ ൅ 𝑎ଵଵ𝑎ଶଷ𝑎ଷସ𝑎ସଶ ൅ 𝑎ଵଵ𝑎ଶସ𝑎ଷଶ𝑎ସଷ െ 𝑎ଵଵ𝑎ଶସ𝑎ଷଷ𝑎ସଶ െ 𝑎ଵଶ𝑎ଶଵ𝑎ଷଷ𝑎ସସ

െ 𝑎ଵଶ𝑎ଶଵ𝑎ଷସ𝑎ସଷ ൅ 𝑎ଵଶ𝑎ଶଷ𝑎ଷଵ𝑎ସସ െ 𝑎ଵଶ𝑎ଷଷ𝑎ଷସ𝑎ସଵ െ 𝑎ଵଶ𝑎ଶଷ𝑎ଷଵ𝑎ସଷ ൅ 𝑎ଵଶ𝑎ଶସ𝑎ଷଷ𝑎ସଵ ൅ 𝑎ଵଷ𝑎ଶଵ𝑎ଷଶ𝑎ସସ

െ 𝑎ଵଷ𝑎ଶଵ𝑎ଷସ𝑎ସଶ െ 𝑎ଵଷ𝑎ଶଶ𝑎ଷଵ𝑎ସସ ൅ 𝑎ଵଷ𝑎ଶଶ𝑎ଷସ𝑎ସଵ ൅ 𝑎ଵଷ𝑎ଶସ𝑎ଷଵ𝑎ସଶ െ 𝑎ଵଷ𝑎ଶସ𝑎ଷଶ𝑎ସଵ െ 𝑎ଵସ𝑎ଶଵ𝑎ଷଶ𝑎ସଷ

൅ 𝑎ଵସ𝑎ଶଵ𝑎ଷଷ𝑎ସଶ ൅ 𝑎ଵସ𝑎ଶଶ𝑎ଷଵ𝑎ସଷ െ 𝑎ଵସ𝑎ଶଶ𝑎ଷଷ𝑎ସଵ െ 𝑎ଵସ𝑎ଶଷ𝑎ଷଵ𝑎ସଶ ൅ 𝑎ଵସ𝑎ଶଷ𝑎ଷଶ𝑎ସଵ. 

 

Determination of the eigenvalues sign 𝜆ଵ, 𝜆ଶ, 𝜆ଷ and 𝜆ସ in the equation (5) using Routh’s criteria table is presented in 
Table 1. 

Table 1:Criteria’s Routh 

𝜆௡ 1 𝑎௡ିଶ 𝑎௡ିସ ⋯ 

𝜆௡ିଵ 𝑎௡ିଵ 𝑎௡ିଷ 𝑎௡ିହ ⋯ 

𝜆௡ିଶ 𝑏ଵ 𝑏ଶ 𝑏ଷ ⋯ 

𝜆௡ିଷ 𝑐ଵ 𝑐ଶ 𝑐ଷ ⋯ 

⋮ ⋮ ⋮   

 

3.2 Numerical Simulation 

In this section, a numerical simulation with several parameter values is given to confirm the analytical solution obtained in the 
previous section. In model (1), it is assumed that the parameter value is 𝑟ଵ ൌ 1,𝑟ଶ ൌ 0.5, 𝑏ଵ ൌ 0.5, 𝑏ଶ ൌ 0.2, 𝜇ଵ ൌ 0.1, 𝜇ଶ ൌ 0.1, 
𝑚ଵ ൌ 0.4, 𝑚ଶ ൌ 0.2, 𝛾 ൌ 0.55, and ℎ ൌ 1 [3]. 

Using the given parameters, the eigenvalues for equilibrium point on the existence of all species of the system (1) are as 
follows: 

Case 1. 𝛼 ൌ 0.2 and 𝛽 ൌ 0.6 

There is equilibrium point which is all species are exist, 𝑆∗ ൌ ሺ𝑥ଵ
∗, 𝑥ଶ

∗, 𝑦ଵ
∗, 𝑦ଶ

∗ሻ  ൌ ሺ0.64093, 0.38456, 3.0105, 3.6126ሻ. 

Substitute this equilibrium point in to equation (4), so that, 
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(6) 𝐽 ൌ ቎

െ0.6
0.5
0
0

1
െ0.89993

0
െ0.22614

0
0

െ0.6
0.2

0
െ0.055548

0.5
െ0.16667

቏ 

 

By using Routh's criteria to determine the roots of the polynomial equation, then, 

𝑏ଵ ൌ 1.2005 

𝑐ଵ ൌ 0.037162 

𝑑ଵ ൌ 0.000074142 

Table 2: Routh’s Criteria for case 1 

𝜆ସ 1 1.2025 0.0045221 

𝜆ଷ 2.2666 0.04570 0 

𝜆ଶ 1.2005 0.0045222 0 

𝜆 0.037162 0 0 

1 0.000074142 0 0 

 

All elements in column one are positive so system (1) has a negative real part where the eigenvalues for the equilibrium point 
𝑆∗are 𝜆ଵ ൌ െ1.4664, 𝜆ଶ ൌ െ0.016319 ൅ 0.061250𝑖, 𝜆ଷ ൌ െ0.016319 െ 0.061250𝑖, and 𝜆ସ ൌ െ0.76755. Therefore, the 
equilibrium point 𝑆∗ ൌ ሺ0.64093, 0.38456, 3.0105, 3.6126ሻ is stable. 

The solution of the model (1) for the initial value 𝑥ଵሺ0ሻ ൌ 2, 𝑥ଶሺ0ሻ ൌ 1, 𝑦ଵሺ0ሻ ൌ 2, and 𝑦ଶሺ0ሻ ൌ 4 can be seen in Figure 
1 below. 

 

 

Figure 1: Solution of System (1) for 𝛼 ൌ 0.2 and 𝛽 ൌ 0.6. 

Figure 1 shows that the population of immature predator and mature predator is increasing until it reaches a stable population. 
Meanwhile, the population of  immature and mature prey decreases. When it reaches a certain time, the population of immature 
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and mature prey, as well as immature and mature predator, will stabilize towards the equilibrium point 
𝑆∗ ൌ ሺ0.64093, 0.38456, 3.0105, 3.6126ሻ. 

Case 2. 𝛼 ൌ 0.6 and 𝛽 ൌ 0.5 

The solutions of system (1) are presented in Figure 2. 

 

 

Figure 2: Solution of system (1) for 𝛼 ൌ 0.6 and 𝛽 ൌ 0.5. 

Figure 2 shows that if 𝛼 and 𝛽 are enlarged then the immature and mature prey populations increase and decrease. Meanwhile, 
the population of immature and mature predators has increased. After some time, the four populations reached the point 0.20832, 
0.12499, 1.0384, and 1.2461,and will be stable at that point. 

Case 3. 𝛼 ൌ 0.2 and 𝛽 ൌ 0.1 

The solutions of system (1) are presented in Figure 3. 

 

 

Figure 3: Solution of system (1) for 𝛼 ൌ 0.2 and 𝛽 ൌ 0.1. 
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Figure 3 shows that 𝛼 and 𝛽 are reduced then the population is unstable and will experience extinction. It is affected by the 
small attack rate of mature prey and mature predator so the conversion coefficient of mature predator is also small. Therefore, 
mature predators do not get food to survive so they will experience extinction. 

The parameters 𝛼 and 𝛽 affect the population of immature and mature prey as well as immature and mature predator. When 
the parameters 𝛼 and 𝛽are enlarged, the population will remain stable at a certain time. Meanwhile, when the parameters 𝛼 and 
𝛽are reduced, the population of immature and mature predators will experience extinction at a certain time. 

IV. CONCLUSION 

The prey-predator model in the system (1) was analyzed by using the Routh’s criteria. Numerical simulation of the system (1) 
were obtained by using the different parameter values. The analytical and numerical results concluded that the equilibrium point 
in the system is only stable at the equilibrium point for all species. The equilibrium point for the existence for all species will be 
stable when the parameters 𝛼 and 𝛽 are increased. However, when the parameters 𝛼 dan 𝛽 are reduced, the prey and predator 
populations will go to extinction. 
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