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Abstract — We're reviewing the relationship between Fourier Analytics and Hardy Spaces HH™', Leads to stable vertebral levels of
bilateral and unilateral transformations and studying Toeplitz and metric effects. That Gives elementary spectroscopic theories of the
Toeplitz effects. And the Toeplitz algebraic effect.
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1- A Hardy space H**1. Put T Be the circle group and give it T with a natural arc to measure the height, symbolized by it dA.
We are writing L¥*1(T) by L**1(T, d4). Then dA(T) < oo, L¥¥1(T) < L&*1(T). Where 0 < a < ¢, can be

[FOda= - [ fle®)dt M
For every n € Z , The continuous function can be specified £, can be
EpT->T,A +— A" 2)

We refer to I' and I, as linear space of the sets {€,,|n € Z} and {€,,|n € N} Successively. The elements in " and T, for
trigonometric polynomials and also for analytical trigonometric polynomials successively.

Lemma 1.1.
(1) I'is a *- subalgebra at C(T)
(2) To 0 < a < +oo, the T its L**1-anorm dense at L¥*1(T).
(3) (&) nez is the orthogonal basic of the Hilbert space L(T).

Proof: (1) it’s obvious. From the Stone-Weierstrass notion, I' it’s anorm dense at C(T), from at C(T) it’s L**1-anorm dense at
L**t1(T), form (1) can get (2) and (3) Comes directly from (2).

Definition 1.2. When f € L'(T),n € Z, then n — th Fourier modulus of f is defined as

fm) = [fQ) &, (DdA

Corresponding Author: Osman Abdalla Adam Osman 350



Application of Toeplitz Effects to Hardy Space

from a function
fiZ - C n— f(n)
it means Fourier transformation f.
Definition 1.3 Put 0 < a < +o. Know define the Hardy space H**1it can
He = {f € L' (T)|f(n) = 0,(n < 0)} 3

H**1 its L**1_anormed locked a subspace vector to L**1(T). Particularly, H? donated that L? included product is a Hilbert
space it an orthonormaed basic T’,.

The Hardy spaces contain an explanation of the analytical functions on the open unit disk D  C. To meet the characteristics of
a close-edged twist dD = T. Let us can find out when & = 1. Let f: D — C it is an analytical functions, 0 < r < 1, that is adjust
D= f(rA), (A €T), and ||fllyz(py = suPo<r<1llfrlliz(r)- The Hardy space can be defined by H 2(D) to the unit disk at

H?(D) = {f: D - C|f its analytic on D and If 2y < +oo}.
Whether Z € D, it defined that T;: H! - C, in a way of
() = [ L2 an, (f e nt).
When ﬁ =¥ Z"A7", we see that T,(f) = ¥, f(n)Z™. With a direct computation, Ty, its specified linear function at H?,
then a functional
fiD - €z - Ty(f)
its analytical. Furthermore, atevery Z € D & f, g € H?, T,(fg) = T,(f)T;(g).
There is a relation between H? & H?(D), expound in the following theory.
Fact 1.4. (1) f € H*(D) if there is a sequence (a,) nen € €2, 50 f(1) = Y=o a,A", (A € D)[2]. Furthermore, ||f |42y =
Eiolanl?):
(2) H?(D) its Hilbert space with numerical multiplication property
(f, g)HZ(]D)) = Yn=o ayby
since a,, = f™(0)/n! & b, = g™ (0)/n!
(3) Amap
H? > H*D), f » f,
it’s the only factor.

Then it gets us thinking about functions of H? they are the bounded a value of the functions H?(ID), is method of boundary
factors at (3) in fact (1.4)[1].

These examples illustrate numerical examples of the diversity of analytical behavior.
Lemma 1.5. Let f,f € H', where can « € C,s0 f = a.
Proof: I think that f = f & whether @ = [ f(1)dA € C, so that
@=[fdi=[fA)dr=a,

then @ € R. When n < 0, so that
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(f =ag)® = [(fF) — @)e,(DdA = 0— a0 = 0,

As well as

(f =az)(m) = [ ((FD) - @eD) dA = [ ((FD) - @)e_, (D)) d2 = 0,

When « in fact that f = £, in the last,
(f —@&)(0) = [(f) —a)dA =a—a =0,
so that f = a.

Now we just assume that f, f € H, so Re(f) & Im(f), it is of real value at H*, so we find the solutions to these for those
functions first, so that f is constant.

Sub-fixed spaces for transformations in bilateral and unilateral sides.

First, we return to the relationship between multiplication and the binary transformation of the base (&,), and determine the
invariant subspaces for it.

We put (¢,41) € L*(T), the multiplication effect M,_, ) € B(L*(T)), with (@,11), it is define with,

M.y (f) = (@es1)f, (f € L3(T)).
A map
M.:L?(T) > B(L2(D)), (@er1) = Mg,
is an isometric *-homomorphism.
Lemma 1.6. (1) H*means finite subalgebra in L*(T).
(2) I think that (¢,,) € L”(T), since H? to be fixed M, ;) when only if (¢.,,) € H®.

Proof: (1)It can show this when (@.41), (Werq1) € H®, hence (@e11) (Wey1) € H® which indicates that the other processes are

clear. When n € Z, hence (9e41) (er1) (n) = Xineoo(@e41) (M) (Pean) (n — m). Where < 0, hence (@er1) Pes1)(n) = 0,
whenever (@z41)(Werq) € H®. (2) comes from (1).

Notation 1.7. Put v: = M, and u: = v|y2.

Note that v is a unitary element in C*-Algebra B(L?(T)) and that for every n € Z v(&,) = €,41. So v is the binary
transformation based on (&) ez for L2(T). Similarly, u is unilateral Transformation based on ((&,,) ez from H?.

Theorem 1.8. Let w € B(L?(T)), hence wv = vw when w = My, ,) to any (@.4q1) € L*(T).

Proof: We explain the first part only, while the rest is obvious. Put wv = vw. Take (¢4,) € I, hence My, . linear field of
effects v™ (n € Z) then My, ) qualify to w. Let (141) represents an arbitrary item in L*(T), which means it is serial

(lps+1)n(n€Z) cTlasin

limy, oo ll(Wer1) = Wert)nllz = 0.

Then limy, o [[W(Wes1) = W(Wer1)nll;2 = 0 when w ongoing at L?(T). The partial sequence can be referred to when it is
important the (;11)nnez) is converging at w(Wey1). Put (@g41) = w(gp). Whenn € Z,

W(Wes1n = WM(ngH)n(Eo) = M(¢g+1)nW(50) = (Wer)n(@esr1) 4

Then w(¥,yq) = (lp£+1)((ps+1) = ((ps+1)(lps+1)~
PutE, = {1 € T|(@e4+1)(D)| > llw|l + 1/n}. It is clear that E,, standard set, then each of them in n € N can be
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wlllxe, e = Iw(e )l = N@ed) DI, (Ad2
> (Iwll + 1/m)? [ e, (Dd2 = (Iwll + /m? Xl (5)

we can conclude that E,, its zero measurement. Then Up—; E,, = {/1 € ’]I‘| [(@er) (D] > ||W||} its zero measurement, then
[(@er) D] < lIWll. So (@e41) € LZ(T). In order to w|yeocry = M., ), one of the conclusions is w = M(,,_, .y in L*(T) then
L*(T) its L? — norm it's a dense at L>(T).

Definition 1.9. (1) Put E' the Borel group T, which is called the domain Ky from projection M,,,. to L?(T) Wiener spaces vectors
to L2(T).

(2) Put (@g41) it is a standard component in C* — algabra L* (T), to the finite directional subspace (@,,1)H? to L*(T) it’s the
vector space of Beurling.

We can notice v(Kg) = Kg. Leads to M, v = vM,,. from 1.7 and when (¢,,) € L*(T) it’s a unit component hence (¢.1)H>

its fixed in v, however v(@,1)H? # (@er1)H?. Let v(@o11)H? = (@.11)H?, hence v(H?) = u(H?), then that one-sided shift is
my guess, it’s a contradictions.

Theorem 1.10. Let K a limited subspace at L?(T) its fixed at v, hence:
(1) v(K) =K o K, represent Wiener space,
(2) v(K) # K © K, represent Beurling space,

Proof: Through our observation, as shown in the proof of the two results.

(1) 1 think v(K) = K, can put (@ + 1) is the vertical projection in L2(T) to K. Hence K decrease v, we get (a + 1)v =
v(a + 1), it’s from theorem 1.8 its existing (¢,41) € L*(T), at like (@ + 1) = My, ,), hence (a + 1) its dropping, then (¢,41)
can be (@.41) = g when E it’s a measurable group. Which means that K it’s a Wiener spaces.

(2) Suppose that v(K) # K represent the unit vector (¢,.,1) € K such as (¢.4,) L v(K). Hence v™*(K) € v(K) to any n > 0 can
be

0= (Vn(((l’gﬂ))' (Pes1)) = fgn(l)l((p£+1)(/‘{)|2dl~

So that n € Z \ {0}, it can [ &,(D)[(@er1) D) |?dA = 0, & |(@e41)|? = @, to any a € R, from Lemmal.5. Hence L? — norm at
(@e41) to be 1, that @ = 1, so (@.4q) it is a standard component as L®(T). And in the simplest way (¢,..;)H? € K. As well
(€ (@e41))nez be orthogonal basis K, then K = (@,,1)H?. And so K to be Beurling spaces.

Theorem 1.11. The branched areas of vectors are limited only to H? diversion from one side for movement u its insignificant
spaces that do not change 0 & H?2.

Proof: I think that K it finite and extremely non-trivial subspace at H? diversion to u. Hence N-; u™(K) € N, u™(H?) =0
& K # 0, thus v(K) = u(K) # K, then K represent the Berling space from Theorem 1.10. Like wise H?> © K to be Beurling
spaces. Since is to be unitary elements (@,41), (Wer1) € L2(T) so,

K = (@es1)H? & H* © K = (41)H>.
Forevery n = 0, tous &,(@gz+1) € K & £,(z41) € H?> © K, then

(€n(@es1), (Wer)) = (((pg+1)r5n(lp£+1)> =0

Then, (@e41)(Werq) its zero Fourier transform, hence (@gy1)(Y.e4q1) = 0. This can be discrepancy (¢¢r1) & (Peiq1) that is
elements of unity. Hence unique boundaries of space vector in finite branches can be u is 0 & H?.

Theorem 1.12. Put f € H? do not fade hence dA(f~1({0})) = 0.
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Proof: Put K until L? — norm partially locked vector space at H? it contains whole the elements g € H? as well as g Xf-1 (o} =

0. Hence K its fixed to u so v & Ny u™(K) € Ni=ou™(H?) = 0. Wherefore that v(K) = K, so there for K = 0, from that time
f €K,f =0. Be on the wane .So v(K) # K, from Theorem1.10, K = (¢,,1)H? to any standard component (¢,,,) € L”(T).
And so that (@g11)x-1({0}) = 0. Where y,-1({0}) = 0. Therefore d/l(f‘l({O})) =0.

2- Relationship between Toeplitz and Matrix Effects, Put (¢, ) dropping at L?(T) to H2.
Definition 2.1 Let (¢,41) € L”(T), so the Toeplitz effects T(,,, .y the tags (¢.41) effects in,

Tipern:H? = H?, f = (@ + Di(@es)f} (6)

this pressure from M, ) into H Z,
Obviously ||T(¢E+1)|| < I(@er)llo canbe,
T.:L*(T) —» B(H?), (9e11) = T(p,,,) )

Linear convergent function to T(,_, y = Ty So that (9e41) = (@erq), after that T,y it’s a self-help.

The Toeplitz matrix’s (aij)i,jel\l can be represents the matrix of fixed diagonals (a;;) = (a;41,+1) for every i,j. The metric
matrix can be written as:

a, a_; a_, a_s
a, a, a.; Qa_,
a, a Qg a_q
az; a; @q Qo

It is clear from this that the topological matrix is determined in two ways (ay)nez © C. Where a;; = a;_;. As the Toeplitz trigger
moves with a one-sided shift u, it is clear that the matrix of a Toeplitz effects T(,,,,) where about the base (&;)pen it’s a

Topological matrix. Furthermore, and the two-sided series corresponding to the matrix, T, ,) to be (((@)(n))neN.

Remark 2.2. We can prove it if a € (H?) it is a matrix for that base of (&,),ey represents the Toeplitz matrix, where a it can a
Toeplitz effects.

The problems facing this theory result from the fact that the linear map T, not double. Especially, Ty, ) T(y,,,) seldom equal to
T(per)(Werq)- For instance, if (@ep1) = &1, (Weyr) = €4, then Ty, )y =u, Ty,,,) =u". Where u"(g) =0, uu” # 1, that

T(‘Pe+1)T(¢s+1) = Tfo =1, then T(‘Ps+1)T(1Ps+1) * T(<Pe+1)(¢s+1)‘

However, there is an explicit formula for a binary product matrix.
Put (ai_ ]-)i’jeN, (bi_ j)i,jEN which represent the matrices of the Toeplitz effect Ty, ,), T(y,,,) respectively. When (ci_ f)i,jeN
represents the matrix of operating effects Toer ) Tpers)s then everyone i, j,
Civ1j+1 = Cij + Qipab_jq (®)
The above equation can be called the multiplication in this article [3]. This indicates direct evidence.

This equation gives us an important property of T(,,_, )Ty, ) its Toeplitz effect.

Theorem 2.3. Put (pe41), (Wer1) € L7(T). That (eyq) € HZ, s0 T(</’s+1)(¢s+1)=T(<Ps+1)T(1l’s+1)’ so T(ﬁ)(%n):
T ez (e Conversely, the T, yT(y,,,) can be Toeplitz effect, that (@e+1) or (Yey1) EHZ, 50 T, nTpesr) =

T(<Pe+1)(¢s+1)‘
Proof: Let (.41) € H®, clear (3.,1)H? € H?, so that f € H? thereafter

Ter) Twer ) (F) = @+ D(@er1 @Y1 /) = (@ + D(@er1¥ersf) = Tepr ) ers)
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thereafter Ty, ) Tern) = TtpernWern)- TheN Tigny Twesn) = T@aznwern)s thereafter,

T(¢s+1)T(‘Ps+1) = T(ips+1)T(tP£+1) = T(>:Ps+1)(1l’s+1) = (T(<Ps+1)T(¢s+1)) = T(¢s+1)(¢s+1)
If we assume the opposite to Ty, )(y,,,) its aToeplitz effect. Thus, we find that its matrix represents the Toeplitz matrix, which
is the multiplication equation, a;41b_;_; = 0 for every i,j. Leads to a;,, = 0 for every i = 0 or b_;_; = 0, for every j =0
which gives the desired result.

We find that the following examples show us the Theorem 2.3. We put (a,b,c,d), and e € C where (Y,,q1) = agy + beq,
(@e41) = ce_q +deg + eg;. So (Peyq) €Ty € H?, (@g41) € L”(T). Then a matrix (Pe4q) of Ty, ) can be:

a 0 0 O
b a 0 0
Wet)=0 b a 0
0 0 b O
Similarly, the matrix @ of T(p,,,) CaN be:
d ¢c 00
e d ¢ O
®P=0 e d c
0 0 e d
It is clear from this that the metric Toeplitz is product’
ab + bc ac 0 0
ae+ bd ad+ bc ac 0
O(Pey1) = be ae+bd ad+ bc ac
0 be ae+ bd ad + bc

that it’s a Toeplitz matrix. When (¢,41)(Yer1) = ace_; + (ad + bc)ey + (ae + bd)e;, + bes, which means that it is the matrix
of Toeplitz influences Ty, , )es1)-

Corollary 2.4. There are no zero denominators for all the Toeplitz effects. Mostly, whether (@¢41)(W:41) € L% (T) [7], so
T(‘Ps+1)T(¢e+1) =0e T(‘Pe+1) =0or T(1/’5+1) =0

Proof: Implied means <« its petty, therefore, the opposite can be proven. When 0 its Toeplitz effects, can be (@,11) or (We11) €
H*(c H?), (¢z41)(We41) = 0, from Theorem 2.3. We can see that (¢,,;) € H?, where ({).,) =0, when (Y..1) € H?, so
(@e+1) = 0. Consequently T,y = 0, or Tgy,, ) = 0.

This conclusion leads us to the following question:
Question 2.5. Put (¢,,,); € L*(T), (i = 1,2, ...,n), so that
T(‘Ps+1)1T(</’s+1)2 T(<Pe+1)n =0
So it is important to have an index of this type i, when T(,,_, ), = 0?7

Therefore, case means an explanation of the Corollary 2.4, which was solved by Alexandru Aleman and Dragan Vukoti'c [4].
This is from clarification that the previous problem includes the positive result for each n.

Theorem 2.6. Let (¢,41) € H”, where (¢,,1) not scalar, so T(,,, ) it has no intrinsic value.

Proof: Assuming that f € H?, 1 € C, (T(%H) - =0
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So that ((pe41) — A)(f) = 0. Since (p¢41) — A € H?, since it does not represent the zero element, that a set { € C|((pg11) —
/1) Q) = 0} is a measurement 0. Thus f = 0.

If we put A is a unit C* — algebra with the unit 1, when a € A, so that spectrum o (a) of a at A can define by
o(a) = {1 € C|A1 — a There is no reflection at A}
So that spectral radius of a is
r(a) = Supzlea(a)ML

Theorem 2.7. Put (¢,,,) € L*(T), 0 (@.41) which refers to the spectrum to (¢,,) at L*(T). So

9(Per1) € 0(Tper) "(Tipesn) = ITepean |l = 1@e1)lloo.

Proof: To display it o(@,.1) € U(T(qog N 1)), we just show that T(,,_, ) be invertible at B(H?). So (¢,4) its invertible at L*(T).

Sure that deficiency results from Ty, y—4 =T(y,,, ;) where 4 € C. Then can put T, ) it not inverse, so that m:=
-1

| Tis, |- To any f € H?,

”f” = ||T(:Pla+1)T((P£+1)(f)” = m”T((Pa+1)(f)”'

From this we can conclude n € Z.

A1 _ €SI

[Mepern EPl = 1@erIEnf I = 1@er = [Ty (Dl = =7 = =2

Since a functions &,f is L?-norm dense at L?>(T). Then T is L?-norm dense at L?(T). Then so that g € L?>(T) that
||M(4,E+1) (g)" = |lgll/m, and Mg, \M(p,,,) = m~2 > 0. Then My, nM(p,. ) is notinverse by My, .y, M(y,, ) not invers . So
that M, : L*(T) - B(L2 (']1‘)) is symmetric *-homomorphism. (¢.,,) it has no inverse at L*(T).

We can put (¢,,) hypothetical at L (T). So that g (¢,,1) € O'(T((psﬂ)), then

ITernll S N @erDll = 7(@es1) < T(Tgs) < T > then | Tipeup |l = 7(Tprrn)) = 1(@es)I-

The Notation 2.8. Let H is a Hilbert space, x,y € H from that can be determined x ® y°© at H by x @ y°(z) = (z,y)yx, z € H.
So that x @ y°¢, is a von Neumann-schatten products of x, y.

Where it can be seen easily x @ y¢ it represents a limited first-order effect when x, y non-trivial. Other essential properties of
von Neumann-Schatten products are found in [2].

The Notation 2.9. Let H is a Hilbert space, can refer to K(H), F (H) elements for all built-in effects and the set of all finite rank
effects at H respectively.

Theorem 2.10. Put (¢,,) € L”(T), so T(,,,,) compressed if and only if (¢,,1) = 0.

Proof: Note that first

Em—n fm=n
U™ (&) = { rr(z) i iim <n
Then, put f € H?, so
[ ™ (ON? = X m=nif &m) Em-nll* = Zm=nl(f, em)I? ©)
Then, u**(f) —» 0,(n — ) at H?. When v € F(H?), can find fi, ..., f, and g,, ..., g, at H* which means v = ¥7_, f;®g5,
hence, we find that any positive integer m, become u™™v = }7_; u*m( fj)®g]c Then, lim,,,_,. [[u*™v|[ = 0
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then F(H?) dense at K(H?), lim,,,_,,|[u""w|| = 0, to any w € K(H?). Note that u*T(,,_, yut = Te_1T(p., )Ter = Temi(p,sq)er =
Ty, from Theorem 2.3, then if T(,,,, yit is built in
[T ll = [0 T pyu™ || < [l T, | and limp o[ ™ Ty, || = 0 (10)

then T(y,,,y = 0. From Theorem 2.7. can find that (¢.,,) = 0.

Lemma 2.11. Put (¢,41) € C(T) and ($e41) € L(T), so that Ty, 1\ Tper) ~ Twesn) Wern) 394 Ty Toer) — Ter) @esn)
are compact effects.

Proof: When K(H?) is self-adjoint, we only have to show that Tpes) T@ers) — Tpest)(0esr) € K(H 2). Then T is dense in C(T)
and the map T, is a linear, we may suppose that (¢.,q) = &, for some n € Z. Put n > 0, from Theorem 2.3. Ty, yT¢, —
T(1p£+1)£n =0€ K(HZ)

Then became Ty, yTe_, — Tp,yp)e, 1S cOmpact for all K = 1, by induction at K. We put f € H 2 so

Tpern Te_, (F) = (@ + D(@es) (@ + D(e-1f)) = (@ + D(W@er) (oaf = (fr0)6-1)) = Toppapyes Te_o f — {fr o) (@ +
D (@e41)e-1. Then

ToperTey = Tapes)e_, 1S an operator of rank not greater than one.

Suppose we show that in Ty, )Tz, — Tey,,)e_, 1S compact for (Yg41) € L(T), for any k = 1. So

T(Ips+1)T€—k—1 - T(Il’s+1)€—k_—1
= (Topes) Tt = Tperre—i) Ty + Twer o Temy = T(Wern)eid)en (1D
is compact.

3. The Toeplitz Algebra. Put A can be C"-algebra denoted by any Toeplitz effects T,,,,y with symbol (¢.,1) € C(T), where A
is Toeplitz algebra.

Put A is a C*-algebra, then its commutator ideal is the closed ideal generated by the commutators [a, b] = ab — ba, (a, b) € A.
Clearly, the commutator ideal is the smallest closed ideal I in A such that A/I is abelian. First, we determine the commutator
ideal of the Toeplitz algebra A. [6].

Theorem 3.1. The commutator ideal of A is K (H?).

Proof: Observe first that if K is a closed vector subspace of H? invariant for A, then K is reducing for u, and therefore by
Theorem 1.11 K = 0 or H?. Thus, A is an irreducible sub algebra of B(H?).

Now, set (@ +1) = [u*,u] = 1— uu*. Obviously, (a + 1) is of rank 1 and belongs to the commutator ideal I of A. Since
finite-rank operators are compact, (a + 1) € AN K(H?). [2] (and the irreducibility in one of its assumption), it follows that
K(H?) € A. Since A/K(H?) is generated by the elements

T(go£+1) + K(Hz)v ((ps+1) € C(T)
which are commuting and normal by Lemma 2.10, A/K (H?) is abelian. Because K(H?)is simple, 1 = K(H?).
Theorem 3.2. The map

W:C(T) > A/K(H?), (9er1) = Ty, + K(H?)

&+1
is a*isomorphism

Proof: Put (¢.,1), We4q) € C(T), from Lemma 2.10

‘P(((Psﬂ)(ll’eﬂ)) =T Wesn T K(H?) = TperdTpern T K(H?) = ¥(@er1)¥Y Wes1)
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Then W is multiplicative so that the map T, it is linear and convergent so is . Consequently W it’s a*-homomorphism obviously
the elements T, _, )+ K(H?), ((¢e41) € C(T)) becomes A/K(H?), so that W is surjective. When W(@.41) = Tpe T
K(H?) = K(H?), then T(,_, , € K(H?), and from Theorem 2.9 (¢,4,) = 0. ¥ can be injective.

Now, we mention the indispensable items in the player theorist's tool-kit; that index and main Domain. Put X,Y be Banach
distances. w € B(X,Y) is Fredholm if dim (ker w) and codimy(w (X)) limited. We define the index of w can be

ind (w) = dim(ker w) — codimy(w (X)).
We can use the following from [2] to calculate the Friedholm indices.

Fact 3.3. Put X, Y, Z can be Banach spaces, and put w; = X - Y and w, =Y — Z be Fredholm operators. So w,w; is Fredholm
and

ind(wy,wy) = ind(w,) + ind(w,)

Since all the factors between finite-dimensional spaces are Fredholm, we assume that X is an infinite-dimensional Banach space.
We have a useful characterization of the Friedholm operators.

Fact 3.4. If w € B(X) then w can be Fredholm © w + K(X) is invertible at B(X)/K(X). The basic spectrum a,(w;) of w €
B(X) known as

o,(w;) = {1 € C|lw — A is not Fredholm}

Ifr: B(X) » B(X)/K(X) is the quotient map, it is clear that g, (w;) = a(n(w)) by Atkinson characterization.
Corollary 3.5 Put (¢.41) € C(T), so T,,,,) is Fredholm if and only if (¢,,1) it doesn't disappear anywhere.
Proof: From Atkinson characterization, Theorem 3.2,
T(p.,pis Fredholm & T, . )+ K(H?) is invertible at B(H*) /K (H?)

< Tip,,,) T K(H?) is invertible at A(H?)/K(H?)
Then from Theorem 3.2, Ty, ,y is Fredholm if and only if (¢.,) is invertible at C(T).
Corollary 3.6. Put (¢.1) € C(T), 50 0,(T(p,,,)) = (@e41)(T)

Proof: By the Atkinson characterizaton and Theorem 3.2 o, (T((/,‘g . 1)) =0 (1‘[(T((p‘g N 1))) =0(Qeq1) = (Peyr1)(T).

Then, the continuous symbol Toeplitz effects connected the basic spectrum. Especially, o, (u) = J(Tgl) =T.

Then, we calculate the Fredholm index of Toeplitz effects (Tgn). Since keru = 0 and u(H?) is the closed linear span of the set
{eqln =1}, so ind(Tsl) = ind(u) =0—1=—1. So, the unilateral shiftu has index —1. If n € N, then ind(TEn) =
ind(u™) = nind(u) = —n, where Fact 3.3 has been used in the second equality. By, the equality T, T, = T; one also infers
that ind(Tg_n) =n=—(—n).

And when we put (@,,,) € C(T) is a reversible element with wn(¢,,,) = n. Then (@,,,) = €,eWe+1) to any (1,,,) € C(T)
and Ty, ) = Te, Towes Whenn =0, Ty =T T ,pe41), When n < 0, from Theorem 2.3. Then

ind(T((PsH)) = ind(g,) + indeWs+1) = _p
So T ,wern it is from index zero with the proof of Lemma 3.8. Below.

Since the winding number of (¢,,,) is unchanged as long as the homotopy class is fixed, so is the “analytic invariant”, the
Fredholm index of a Toeplitz effects Ty, ,)-

We will generalize this result, which is the simplest case of the Atiyah-Singer index theorem on odd-dimensional manifolds.

Theorem 3.7. If (¢, 1) represents a reversible element at C(T) so that
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ind(T(<PE+1)) = —wn(@e41)
Where wn(@,,,) is the winding number of (¢,,,) with respect to the origin.
The winding number of the continuous function (@.,): T — C\{0} is the unique integer n given by next lemma.

Lemma 3.8. If (¢,,,) is an inverse function in C(T), so that so that there exists a unique integer n € Z such that (@.,;) =
gneWert) for some (Ppyq) € C(T).

Proof: Here we show the uniqueness of the integer n (for the existence of n and (1.,4); can find in [2]). We need only show that
if g, = eWe+1) to any (P,4,) € C(T), so that n = 0. Then

a:[0,1] = Z,t = ind (T yecpesn))
is continuous and has discrete range and connected domain, so it is necessarily constant. Hence
—-n = ind(Te(¢g+1)) = a(1) = a(0) = ind(T,) = ind(1) =0
Corollary 3.9. Put (¢,,,) € C(T) is an invertible element. So the following conditions are equivalent.
1- (T(qog . 1)) is invertible.
2- ind(T(,,,,)) = 0.

3- (@er1) = eWerd) toany (P,yq) € C(T).
Proof: Can need only to show the implication (3) = (1) since the others are obvious from the preceding result.
The first, if p = X<y An &n € T, writes p/ = XN_o Ape,, and p// = ¥N_1 A_pe_p, 50 p = p/ + p//, and p/, p// € H*. From (1)
of Lemma 1.6 can be ep/, em € H®”. From Theorem 2.3 can be Te o/ and TeW are invertible with inverses Te—P/ and Tem

respectively.

Then if (.4,) € C(T) is an arbitrary element, then by the density of ' at C(T), we can choose a trigonometric polynomial p as
above such that

|1 —eWe+D=P|| < 1. Then T,peyn) = T ool ypesn-pop! =T ot Teern-oT ,/- Since 11— Towern-oll = IT1—pwesn-oll =
||1 - ew’f’fl)‘p” <1, the effect T, pe4p)-p is invertible. Then T .., is a product of invertible operators and is therefore
invertible.

We have an application of the baby index theorem to the spectral theory of Toeplitz effects.
Theorem 3.10. The spectrum of a Toeplitz effects with continuous symbol is connected.

Proof: Put (¢.,;) € C(T), so by the baby index theorem and Corollary 3.8,
U(T(<pg+1)) = (¢£+1)(T)U{l € Clwn(((p£+1) - A) * 0} (12)

And therefore O'(T((ps N 1)) is a compact set consisting of a continuous compressed curve (¢,,,)(T) and some holes, so a(T(q,‘g N 1))

is connected.
In question 2.5, a natural question arises from this theory.

Question 3.11. Is the spectrum of the Toeplitz effects necessarily connected?
This question was asked by Halmos, then answered by Harold Widom [5] by proving that after theory.
Any Toeplitz effects is a continuum spectrum.

Remark 3.12. Since C(T) is a C*-algebra was created by &;, A resulted from unilateral transformation u = T, .
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So that from (Wolde von Neumann). If W is isometric over Hilbert area H, then W is a Unitary, or direct sum of unilateral
transformation copies, or direct sum of unitary and copies of unilateral transformation.

Remark 3.13. Put a to be a prime number. We refer by u(® the direct sum of o copies of unilateral transformation. Then says
that the measurement W is of the form

W =u®eU
Where U is a unit (may be empty).

Proof: We may assume that W is neither a unitary nor a sum of copies of a one-sided transformation. Puts

K= ﬁwn (H)
n=0

Then, W(K) = K, and thus K reduces W. We put W =w @ w where w and w is Compressions of W to K and K+
respectively. Then the w is isometric, the equation W (K) = K means that w is sectarian, so w is unitary. Therefore, we only need
to prove that w is a direct amount From copying the shift by one u.

Now, set
L=Wwm)*
So that, W™(L) € W(H) = L, to any n > 0, then m,n € N and m # n, then W™(L) L W"(L). We claim it
m=oWT(L) = K+

Clearly, W™(L) L W™(LY) = W™*I(H). Since K € W™1(H), one concludes that W™(L) € K+,and therefore @ W™(L) C
K*. To display @5 ,W™(L) 2 K+, it is enough to show that if x € H, such that x L W™(L), to any n € N, then x € K. This is
clearly true for n = 0. If x € W™(H), then there is y € H, such that x = W™(y). Since W"(y) L W™(L), then y € L* = W(H),
and therefore x € W1 (H).

Let E be an orthogonal basis for L. Since W is an isometric, Usy—o W™(E) is an orthogonal basis of K*. For each e € E, make L,

be the Hilbert subspace of K+ having (W"(e)):zo as orthogonal basis. Then

Kr=@o1L,

e€E

each L, is constant with respect to W, and the sympathy W, from W to L, is the one-sided transformation, and

W= @ W,

e€EE

Before moving on to Coburn's theorem, we recall the basic tool in operator theory [2].

Fact 3.14 (Functional Calculus). Put B be a unital C*-algebra, a be a natural element in B and z: 6(a) — C be the imputation
map, [5]. Then there exists a unique unital isometric *-homomorphism

0,:C(a(@)) > B
such that ©, (z) = a and the image 0, (C (a(a))) is the C*-algebra generated by the unit of B and a.

The map 0, it is called functional calculus in a. Note that if f € C (a(a)), then we write ©,(f) = f(a).

lemma 1.15. If w is aunitary in aunitary in a C*-algebra B. Then there is aunique unit *-homomorphism (¢,,,): C(T) = B such
that (¢c41)(2) = w.

Proof: Note that 6(w) S T and that the map
i:C(M = Clew),  f flow

is a unital *-homomorphism. One gets (¢,.1) by setting (@.,1) = 0,, oi. Since z generates C(T), (¢,4) is unique.
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Theorem 1.16. Suppose that w is an isometry in a unital C+-algebra B. Then there exists a unique unital *-homomorphism.
®:A- B
Such that @ (u) = w. Moreover, if ww* # 1 (so that w is notunitary), then (@) is isometric.

Proof: The uniqueness of @ is evident by Remark 3.12. By building the GNS-construction, we have reduced to The case where B
is a unital C*-subalgebra of B(H) containing idy of some Hilbert space H. By the Weld-von Neumann decomposition, we can
write.

{H =@xea Ha
w =@jep Wi

where H, are Hilbert spaces and each w, € B(H,) is a unitary or a unilateral shift.
If w,,_ is unitary, then can fined by Lemma 3.15 composing all of the following maps

-1
A 1 A/K(Hz) (WYe+1) C(T) (Pe+1) B(H,) (13)

where 7 is an quotient map, one gets a unital *-homomorphism @,: A — B (H,) such that @, (u) = w,.
If wy, is a one-sided transformation, then there is a monosyllabic U: H? - H, such that wy = Uy uU,. and then the map
®: A - B(H)), a » U, alUy. (14)
is an isometric unital *-homomorphism such that @, (u) = w,.

Now, through the previous paragraphs, we get the family of representations (H,, ®;)ep from Cxalgabra A. Make (H, @) the
direct sum of (H,, ®))aea. Then @: A - B (H) is a unital *-homomorphism such that @ (u) = @, w) = w. Moreover, since
@ (u) € B and u generates A, one it follows that @ (A) € B.

In the end, we assume that ww* 1. Then some w),, is a unilateral shift. Hence, the representation (HAO' Cb;m) is faithful, then

(H, ®). Therefore, using the fact that the injective of *-homomorphism between C*-algebras is necessarily isometric, @ is
isometric.
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