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Abstract – We're reviewing the relationship between Fourier Analytics and Hardy Spaces 𝑯𝑯𝜶శ𝟏
. Leads to stable vertebral levels of 

bilateral and unilateral transformations and studying Toeplitz and metric effects. That Gives elementary spectroscopic theories of the 
Toeplitz effects. And the Toeplitz algebraic effect. 

 

Keywords – Hardy Spaces, Toeplitz, effects, metric, algebraic, Hilbert. 

 

 

    1- A Hardy space 𝐻ఈାଵ. Put 𝕋 Be the circle group and give it 𝕋 with a natural arc to measure the height, symbolized by it 𝑑𝜆. 
We are writing 𝐿ఈାଵሺ𝕋ሻ by 𝐿ఈାଵሺ𝕋, 𝑑𝜆ሻ. Then 𝑑𝜆ሺ𝕋ሻ ൏ ∞, 𝐿ఌାଵሺ𝕋ሻ ⊂ 𝐿ఈାଵሺ𝕋ሻ. Where 0 ൑ 𝛼 ൑ 𝜀, can be  

׬                           𝑓ሺ𝜆ሻ𝑑𝜆 ൌ
ଵ

ଶగ
׬ 𝑓ሺ𝑒௜௧ሻ𝑑𝑡

ଶగ
଴                                                  (1) 

 For every 𝑛 ∈ ℤ , The continuous function can be specified ℰ௡ can be 

                           ℰ௡: 𝕋 → 𝕋, 𝜆 ⟼ 𝜆௡.                                                            (2) 

We refer to Γ and Γା as linear space of the sets ሼℰ௡|𝑛 ∈ ℤሽ and ሼℰ௡|𝑛 ∈ ℕሽ Successively. The elements in Γ and Γା for 
trigonometric polynomials and also for analytical trigonometric polynomials successively.  

Lemma 1.1.     

    (1) Γ is a ∗- subalgebra at 𝐶ሺ𝕋ሻ  

    (2) To 0 ൑ 𝛼 ൑ ൅∞, the Γ its 𝐿ఈାଵ-anorm dense at 𝐿ఈାଵሺ𝕋ሻ. 

    (3) ሺ𝜀௡ሻ௡∈ℤ is the orthogonal basic of the Hilbert space 𝐿ଶሺ𝕋ሻ.  

 Proof: (1) it’s obvious. From the Stone-Weierstrass notion, Γ it’s anorm dense at 𝐶ሺ𝕋ሻ, from at 𝐶ሺ𝕋ሻ it’s 𝐿ఈାଵ-anorm dense at 
𝐿ఈାଵሺ𝕋ሻ, form (1) can get (2) and (3) Comes directly from (2).  

 

Definition 1.2. When 𝑓 ∈ 𝐿ଵሺ𝕋ሻ, 𝑛 ∈ ℤ, then 𝑛 െ 𝑡ℎ Fourier modulus of 𝑓 is defined as 

𝑓መሺ𝑛ሻ ൌ ׬  𝑓ሺ𝜆ሻ 𝜀௡ሺ𝜆ሻതതതതതതതത𝑑𝜆  
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from a function  

𝑓መ: ℤ → ℂ, 𝑛 ⟼ 𝑓መሺ𝑛ሻ   

it means Fourier transformation  𝑓.  

Definition 1.3  Put 0 ൑ 𝛼 ൑ ൅∞. Know define the Hardy space  𝐻ఈାଵit can 

𝐻ఈାଵ ൌ ൛𝑓 ∈ 𝐿ఈାଵሺ𝕋ሻห𝑓መሺ𝑛ሻ ൌ 0, ሺ𝑛 ൏ 0ሻൟ                     (3) 

    𝐻ఈାଵ  its 𝐿ఈାଵ-anormed locked a subspace vector to 𝐿ఈାଵሺ𝕋ሻ. Particularly, 𝐻ଶ donated that 𝐿ଶ included product is a Hilbert 
space it an orthonormaed basic Γା.  

   The Hardy spaces contain an explanation of the analytical functions on the open unit disk 𝔻 ⊂ ℂ. To meet the characteristics of 
a close-edged twist 𝜕𝔻 ൌ 𝕋. Let us can find out when 𝛼 ൌ 1. Let 𝑓: 𝔻 → ℂ it is an analytical functions, 0 ൑ 𝑟 ൏ 1, that is  adjust 
𝑓௥ሺ𝜆ሻ: ൌ 𝑓ሺ𝑟𝜆ሻ, ሺ𝜆 ∈ 𝕋ሻ, and ‖𝑓‖ுమሺ𝔻ሻ ≔ 𝑠𝑢𝑝଴ழ௥ழଵ‖𝑓௥‖௅మሺ𝕋ሻ. The Hardy space can be defined by 𝐻ଶሺ𝔻ሻ to the unit disk at  

𝐻ଶሺ𝔻ሻ ൌ ൛𝑓: 𝔻 → ℂ|𝑓 𝑖𝑡𝑠 𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐 𝑜𝑛  𝔻 𝑎𝑛𝑑  ‖𝑓‖ுమሺ𝔻ሻ ൏ ൅∞ൟ.  

Whether 𝑍 ∈ 𝔻, it defined that 𝑇௓: 𝐻ଵ → ℂ, in a way of  

𝑇௓ሺ𝑓ሻ ൌ ׬
௙ሺఒሻ

ଵି௭ఒഥ
𝑑𝜆, ሺ𝑓 ∈ 𝐻ଵሻ.  

When 
ଵ

ଵି௭ఒഥ
ൌ ∑ 𝑍௡𝜆ି௡ஶ

௡ୀ଴ , we see that 𝑇௓ሺ𝑓ሻ ൌ ∑ 𝑓መሺ𝑛ሻ𝑍௡ஶ
௡ୀ଴ . With a direct computation, 𝑇௓ its specified linear function at 𝐻ଵ, 

then a functional 

𝑓:෩ 𝔻 → ℂ, 𝑧 ↦ 𝑇௓ሺ𝑓ሻ 

its analytical. Furthermore, at every 𝑍 ∈ 𝔻 & 𝑓, 𝑔 ∈ 𝐻ଶ, 𝑇௓ሺ𝑓𝑔ሻ ൌ 𝑇௓ሺ𝑓ሻ𝑇௓ሺ𝑔ሻ.  

   There is a relation between 𝐻ଶ & 𝐻ଶሺ𝔻ሻ, expound in the following theory.  

Fact 1.4. (1) 𝑓 ∈ 𝐻ଶሺ𝔻ሻ  if there is a sequence ሺ𝑎௡ሻ ௡∈ℕ ∈ ℓଶ, so 𝑓ሺ𝜆ሻ ൌ ∑ 𝑎௡𝜆௡ஶ
௡ୀ଴ ,  ሺ𝜆 ∈ 𝔻ሻ[2]. Furthermore, ‖𝑓‖ுమሺ𝔻ሻ ൌ

ሺ∑ |𝑎௡|ଶஶ
௡ୀ଴ ሻ

భ
మ 

(2) 𝐻ଶሺ𝔻ሻ its Hilbert space with numerical multiplication property  

 

〈𝑓, 𝑔〉ுమሺ𝔻ሻ ൌ ∑ 𝑎௡𝑏௡
തതതஶ

௡ୀ଴    

since 𝑎௡ ൌ 𝑓ሺ௡ሻሺ0ሻ 𝑛!⁄   & 𝑏௡ ൌ 𝑔ሺ௡ሻሺ0ሻ 𝑛!⁄   

(3)  Amap  

𝐻ଶ →  𝐻ଶሺ𝔻ሻ, 𝑓 ↦ 𝑓ሚ, 

    it’s the only factor.  

Then it gets us thinking about functions of 𝐻ଶ they are the bounded a value of the functions 𝐻ଶሺ𝔻ሻ, is method of boundary 
factors at (3) in fact (1.4)[1]. 

    These examples illustrate numerical examples of the diversity of analytical behavior.   

  Lemma 1.5.  Let 𝑓, 𝑓̅ ∈ 𝐻ଵ, where can  𝛼 ∈ ℂ, so 𝑓 ൌ 𝛼.  

 Proof: I think that  𝑓 ൌ 𝑓 ̅& whether 𝛼 ൌ ׬ 𝑓ሺ𝜆ሻ𝑑𝜆 ∈ ℂ, so that  

𝛼ത ൌ ׬ 𝑓ሺ𝜆ሻതതതതതത𝑑𝜆 ൌ ׬ 𝑓ሺ𝜆ሻ𝑑𝜆 ൌ 𝛼,  

then 𝛼 ∈ ℝ. When 𝑛 ൏ 0, so that  
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൫𝑓 െ 𝛼𝜀଴
෣ ൯ሺ𝑛ሻ ൌ ሺ𝑓ሺ𝜆ሻ׬ െ 𝛼ሻ𝜀௡ሺ𝜆ሻതതതതതതത𝑑𝜆 ൌ 0 െ 𝛼0 ൌ 0, 

As well as 

൫𝑓 െ 𝛼𝜀଴
෣ ൯ሺ𝑛ሻ ൌ ׬ ቀሺ𝑓ሺ𝜆ሻ െ 𝛼ሻ𝜀௡ሺ𝜆ሻതതതതതതതቁ 𝑑𝜆 ൌ ׬ ቀሺ𝑓ሺ𝜆ሻ െ 𝛼ሻ𝜀ି௡ሺ𝜆ሻതതതതതതതതതቁ 𝑑𝜆

തതതതതതതതതതതതതതതതതതതതതതതതതതതതതതത
ൌ 0,  

When 𝛼 in fact that 𝑓 ൌ 𝑓̅, in the last,  

൫𝑓 െ 𝛼𝜀଴
෣ ൯ሺ0ሻ ൌ ሺ𝑓ሺ𝜆ሻ׬ െ 𝛼ሻ𝑑𝜆 ൌ 𝛼 െ 𝛼 ൌ 0,  

so that 𝑓 ൌ 𝛼.  

    Now we just assume that 𝑓, 𝑓̅ ∈ 𝐻ଵ, so Reሺ𝑓ሻ & Imሺ𝑓ሻ, it is of real value at 𝐻ଵ, so we find the solutions to these for those 
functions first, so that 𝑓 is constant. 

Sub-fixed spaces for transformations in bilateral and unilateral sides.  

   First, we return to the relationship between multiplication and the binary transformation of the base ሺ𝜀௡ሻ, and determine the 
invariant subspaces for it. 

  We put ሺ𝜑ఌାଵሻ ∈ 𝐿ஶሺ𝕋ሻ, the multiplication effect 𝑀ሺఝഄశభሻ ∈ 𝐵൫𝐿ଶሺ𝕋ሻ൯, with ሺ𝜑ఌାଵሻ, it is define with,  

𝑀ሺఝഄశభሻሺ𝑓ሻ ൌ ሺ𝜑ఌାଵሻ𝑓, ൫𝑓 ∈ 𝐿ଶሺ𝕋ሻ൯.  

A map  

𝑀∗: 𝐿ஶሺ𝕋ሻ → 𝐵൫𝐿ଶሺ𝕋ሻ൯, ሺ𝜑ఌାଵሻ ⟼ 𝑀ሺఝഄశభሻ  

is an isometric ∗-homomorphism.  

Lemma 1.6. (1) 𝐻ஶmeans finite subalgebra in 𝐿ஶሺ𝕋ሻ. 

(2) I think that ሺ𝜑ఌାଵሻ ∈ 𝐿ஶሺ𝕋ሻ, since 𝐻ଶ to be fixed 𝑀ሺఝഄశభሻ when only if ሺ𝜑ఌାଵሻ ∈ 𝐻ஶ.  

 

Proof: )1 ( It can show this when ሺ𝜑ఌାଵሻ, ሺ𝜓ఌାଵሻ ∈ 𝐻ஶ, hence ሺ𝜑ఌାଵሻሺ𝜓ఌାଵሻ ∈ 𝐻ஶ which indicates that the other processes are 

clear. When 𝑛 ∈ ℤ, hence ሺ𝜑ఌାଵሻሺ𝜓ఌାଵሻ෣ ሺ𝑛ሻ ൌ ∑ ሺ𝜑ఌାଵሻ෣ ሺ𝑚ሻஶ
௠ୀିஶ ሺ𝜓ఌାଵሻ෣ ሺ𝑛 െ 𝑚ሻ. Where 𝑛 ൏ 0, hence ሺ𝜑ఌାଵሻሺ𝜓ఌାଵሻ෣ ሺ𝑛ሻ ൌ 0, 

whenever ሺ𝜑ఌାଵሻሺ𝜓ఌାଵሻ ∈ 𝐻ஶ. (2) comes from (1).   

Notation 1.7. Put 𝑣: ൌ 𝑀ఌభand 𝑢: ൌ 𝑣|ுమ.  

Note that 𝑣 is a unitary element in 𝐶∗-Algebra 𝐵ሺ𝐿ଶሺ𝕋ሻሻ and that for every 𝑛 ∈ ℤ     𝑣ሺ𝜀௡ሻ ൌ 𝜀௡ାଵ. So 𝑣 is the binary 
transformation based on ሺ𝜀௡ሻ௡∈ℤ for 𝐿ଶሺ𝕋ሻ. Similarly, 𝑢 is unilateral Transformation based on (ሺ𝜀௡ሻ௡∈ℤ from 𝐻ଶ. 

Theorem 1.8.  Let  𝑤 ∈ 𝐵൫𝐿ଶሺ𝕋ሻ൯, hence 𝑤𝑣 ൌ 𝑣𝑤 when 𝑤 ൌ 𝑀ሺఝഄశభሻ to any ሺ𝜑ఌାଵሻ ∈ 𝐿ஶሺ𝕋ሻ.  

Proof: We explain the first part only, while the rest is obvious. Put 𝑤𝑣 ൌ 𝑣𝑤. Take ሺ𝜓ఌାଵሻ ∈ Γ, hence 𝑀ሺటഄశభሻ linear field of 

effects 𝑣௡ ሺ𝑛 ∈ ℤሻ then 𝑀ሺటഄశభሻ qualify to 𝑤. Let ሺ𝜓ఌାଵሻ  represents an arbitrary item in 𝐿ஶሺ𝕋ሻ, which means it is serial 

ሺ𝜓ఌାଵሻ௡ሺ௡∈ℤሻ ⊂ Γ as in  

lim௡→ஶ‖ሺ𝜓ఌାଵሻ െ ሺ𝜓ఌାଵሻ௡‖௅మ ൌ 0. 

Then lim௡→ஶ‖𝑤ሺ𝜓ఌାଵሻ െ 𝑤ሺ𝜓ఌାଵሻ௡‖௅మ ൌ 0 when 𝑤 ongoing  at 𝐿ଶሺ𝕋ሻ. The partial sequence can be referred to when it is 
important the ሺ𝜓ఌାଵሻ௡ሺ௡∈ℤሻ is converging at 𝑤ሺ𝜓ఌାଵሻ. Put  ሺ𝜑ఌାଵሻ ൌ 𝑤ሺ𝜀଴ሻ. When 𝑛 ∈ ℤ,  

𝑤ሺ𝜓ఌାଵሻ௡ ൌ 𝑤𝑀ሺటഄశభሻ೙
ሺ𝜀଴ሻ ൌ 𝑀ሺటഄశభሻ೙𝑤ሺ𝜀଴ሻ ൌ ሺ𝜓ఌାଵሻ௡ሺ𝜑ఌାଵሻ           (4) 

Then 𝑤ሺ𝜓ఌାଵሻ ൌ ሺ𝜓ఌାଵሻሺ𝜑ఌାଵሻ ൌ ሺ𝜑ఌାଵሻሺ𝜓ఌାଵሻ.   

 Put 𝐸௡ ൌ ሼ𝜆 ∈ 𝕋|ሺ𝜑ఌାଵሻሺ𝜆ሻ| ൐ ‖𝑤‖ ൅ 1 𝑛⁄ ሽ. It is clear that 𝐸௡ standard set, then each of them in 𝑛 ∈ ℕ can be    
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‖𝑤‖ଶฮ𝜒ா௡ฮ
௅మ

ଶ
൒ ฮ𝑤൫𝜒ா௡൯ฮ

௅మ

ଶ
ൌ   ሺ𝜑ఌାଵሻሺ𝜆ሻ|ଶ𝜒ா௡ሺ𝜆ሻ𝑑𝜆|׬

          ൒ ሺ‖𝑤‖ ൅ 1 𝑛⁄ ሻଶ ׬ 𝜒ா௡ሺ𝜆ሻ𝑑𝜆 ൌ ሺ‖𝑤‖ ൅ 1 𝑛⁄ ሻଶ‖𝜒𝐸௡‖௅మ
ଶ           (5) 

we can conclude that 𝐸௡ its zero measurement. Then ⋃ 𝐸௡
ஶ
௡ୀଵ ൌ ൛𝜆 ∈ 𝕋ห|ሺ𝜑ఌାଵሻሺ𝜆ሻ| ൐ ‖𝑤‖ൟ its zero measurement, then 

|ሺ𝜑ఌାଵሻሺ𝜆ሻ| ൑ ‖𝑤‖. So ሺ𝜑ఌାଵሻ ∈ 𝐿ஶሺ𝕋ሻ. In order to  𝑤|௅ಮሺ𝕋ሻ ൌ 𝑀ሺఝഄశభሻ, one of the conclusions is 𝑤 ൌ 𝑀ሺఝഄశభሻ in 𝐿ଶሺ𝕋ሻ then 

𝐿ஶሺ𝕋ሻ its 𝐿ଶ െ 𝑛𝑜𝑟𝑚 it's a dense at 𝐿ଶሺ𝕋ሻ. 

 Definition 1.9. (1) Put 𝐸  the Borel group 𝕋, which is called the domain 𝐾ா from projection 𝑀ఞಶ to 𝐿ଶሺ𝕋ሻ Wiener spaces vectors 

to 𝐿ଶሺ𝕋ሻ.  

 

(2) Put ሺ𝜑ఌାଵሻ it is a standard component in 𝐶∗ െ 𝑎𝑙𝑔𝑎𝑏𝑟𝑎 𝐿ஶሺ𝕋ሻ, to the finite directional subspace ሺ𝜑ఌାଵሻ𝐻ଶ to 𝐿ଶሺ𝕋ሻ it’s the 
vector space of Beurling.  

  We can notice 𝑣ሺ𝐾ாሻ ൌ 𝐾ா. Leads to 𝑀ఞಶ𝑣 ൌ 𝑣𝑀ఞಶ from 1.7 and when  ሺ𝜑ఌାଵሻ ∈ 𝐿ஶሺ𝕋ሻ it’s a unit component hence ሺ𝜑ఌାଵሻ𝐻ଶ 

its fixed in 𝑣, however 𝑣ሺ𝜑ఌାଵሻ𝐻ଶ ് ሺ𝜑ఌାଵሻ𝐻ଶ. Let 𝑣ሺ𝜑ఌାଵሻ𝐻ଶ ൌ ሺ𝜑ఌାଵሻ𝐻ଶ, hence 𝑣ሺ𝐻ଶሻ ൌ 𝑢ሺ𝐻ଶሻ, then that one-sided shift is 
my guess, it’s a contradictions.  

Theorem 1.10. Let 𝐾 a limited subspace at 𝐿ଶሺ𝕋ሻ its fixed at 𝑣, hence:  

(1)  𝑣ሺ𝐾ሻ ൌ 𝐾 ⇔ 𝐾, represent Wiener space,  

(2)  𝑣ሺ𝐾ሻ ് 𝐾 ⇔ 𝐾, represent Beurling space,  

Proof: Through our observation, as shown in the proof of the two results.  

(1) I think 𝑣ሺ𝐾ሻ ൌ 𝐾, can put ሺ𝛼 ൅ 1ሻ is the vertical projection in 𝐿ଶሺ𝕋ሻ to 𝐾. Hence 𝐾 decrease 𝑣, we get ሺ𝛼 ൅ 1ሻ𝑣 ൌ
 𝑣ሺ𝛼 ൅ 1ሻ, it’s from theorem 1.8 its existing ሺ𝜑ఌାଵሻ ∈ 𝐿ஶሺ𝕋ሻ, at like ሺ𝛼 ൅ 1ሻ ൌ 𝑀ሺఝഄశభሻ, hence ሺ𝛼 ൅ 1ሻ its dropping, then ሺ𝜑ఌାଵሻ 

can be ሺ𝜑ఌାଵሻ ൌ 𝜒ா when 𝐸 it’s a measurable group. Which means that 𝐾 it’s a Wiener spaces.  

(2) Suppose that 𝑣ሺ𝐾ሻ ് 𝐾 represent the unit vector ሺ𝜑ఌାଵሻ ∈ 𝐾 such as ሺ𝜑ఌାଵሻ ⊥ 𝑣ሺ𝐾ሻ. Hence 𝑣௡ሺ𝐾ሻ ∈ 𝑣ሺ𝐾ሻ to any  𝑛 ൐ 0 can 
be  

0 ൌ 〈𝑣௡൫ሺ𝜑ఌାଵሻ൯, ሺ𝜑ఌାଵሻ〉 ൌ ׬ 𝜀௡ሺ𝜆ሻ|ሺ𝜑ఌାଵሻሺ𝜆ሻ|ଶ𝑑𝜆.  

So that 𝑛 ∈ ℤ ∖ ሼ0ሽ, it can ׬ 𝜀௡ሺ𝜆ሻ|ሺ𝜑ఌାଵሻሺ𝜆ሻ|ଶ𝑑𝜆 ൌ 0, & |ሺ𝜑ఌାଵሻ|ଶ ൌ 𝛼, to any 𝛼 ∈ ℝ , from Lemma1.5. Hence  𝐿ଶ െ 𝑛𝑜𝑟𝑚 at 
ሺ𝜑ఌାଵሻ to be 1, that 𝛼 ൌ 1, so ሺ𝜑ఌାଵሻ it is a standard component as 𝐿ஶሺ𝕋ሻ. And in the simplest way ሺ𝜑ఌାଵሻ𝐻ଶ ⊂ 𝐾. As well 
ሺ𝜀௡ሺ𝜑ఌାଵሻሻ௡∈ℤ  be orthogonal basis 𝐾, then 𝐾 ൌ ሺ𝜑ఌାଵሻ𝐻ଶ. And so 𝐾 to be Beurling spaces. 

  Theorem 1.11. The branched areas of vectors are limited only to 𝐻ଶ diversion from one side for movement 𝑢 its insignificant 
spaces that do not change 0 & 𝐻ଶ.  

Proof: I think that 𝐾 it finite and extremely non-trivial subspace at 𝐻ଶ diversion to 𝑢. Hence ⋂ 𝑢௡ሺ𝐾ሻஶ
௡ୀଵ ⊆ ⋂ 𝑢௡ሺ𝐻ଶሻஶ

௡ୀ଴ ൌ 0  
& 𝐾 ് 0, thus 𝑣ሺ𝐾ሻ ൌ 𝑢ሺ𝐾ሻ ് 𝐾, then 𝐾 represent the Berling space from Theorem 1.10. Like wise 𝐻ଶ ⊖ 𝐾 to be Beurling 
spaces. Since is to be unitary elements ሺ𝜑ఌାଵሻ, ሺ𝜓ఌାଵሻ ∈ 𝐿ஶሺ𝕋ሻ so,  

𝐾 ൌ ሺ𝜑ఌାଵሻ𝐻ଶ & 𝐻ଶ ⊖ 𝐾 ൌ ሺ𝜓ఌାଵሻ𝐻ଶ.  

For every  𝑛 ൒ 0, to us 𝜀௡ሺ𝜑ఌାଵሻ ∈ 𝐾 & 𝜀௡ሺ𝜓ఌାଵሻ ∈ 𝐻ଶ ⊖ 𝐾, then  

〈𝜀௡ሺ𝜑ఌାଵሻ, ሺ𝜓ఌାଵሻ〉 ൌ 〈ሺ𝜑ఌାଵሻ, 𝜀௡ሺ𝜓ఌାଵሻ〉 ൌ 0 

Then, ሺ𝜑ఌାଵሻሺ𝜓ఌାଵ
തതതതതതതതሻ its zero Fourier transform, hence ሺ𝜑ఌାଵሻሺ𝜓ఌାଵ

തതതതതതതതሻ ൌ 0. This can be discrepancy ሺ𝜑ఌାଵሻ & ሺ𝜓ఌାଵሻ that is 
elements of unity. Hence unique boundaries of space vector in finite branches can be 𝑢 is 0 & 𝐻ଶ.  

Theorem 1.12. Put 𝑓 ∈ 𝐻ଶ do not fade hence 𝑑𝜆൫𝑓ିଵሺሼ0ሽሻ൯ ൌ 0.  
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Proof: Put 𝐾 until 𝐿ଶ െ 𝑛𝑜𝑟𝑚 partially locked vector space at 𝐻ଶ it contains whole the elements 𝑔 ∈ 𝐻ଶ as well as 𝑔𝜒௙షభሺሼ0ሽሻ ൌ

0. Hence 𝐾 its fixed to 𝑢 so 𝑣 & ⋂ 𝑢௡ሺ𝐾ሻஶ
௡ୀଵ ⊆ ⋂ 𝑢௡ሺ𝐻ଶሻஶ

௡ୀ଴ ൌ 0. Wherefore that 𝑣ሺ𝐾ሻ ൌ 𝐾, so there for 𝐾 ൌ 0, from that time 
𝑓 ∈ 𝐾, 𝑓 ൌ 0. Be on the wane .So 𝑣ሺ𝐾ሻ ് 𝐾, from Theorem1.10, 𝐾 ൌ ሺ𝜑ఌାଵሻ𝐻ଶ to any standard component ሺ𝜑ఌାଵሻ ∈ 𝐿ஶሺ𝕋ሻ. 

And so that ሺ𝜑ఌାଵሻ𝜒௙షభሺሼ0ሽሻ ൌ 0. Where  𝜒௙షభሺሼ0ሽሻ ൌ 0. Therefore  𝑑𝜆൫𝑓ିଵሺሼ0ሽሻ൯ ൌ 0.  

  2- Relationship between Toeplitz and Matrix Effects, Put ሺ𝜑ఌାଵሻ dropping at 𝐿ଶሺ𝕋ሻ to 𝐻ଶ.  

  Definition 2.1 Let ሺ𝜑ఌାଵሻ ∈ 𝐿ஶሺ𝕋ሻ, so the Toeplitz effects 𝑇ሺఝഄశభሻ the tags ሺ𝜑ఌାଵሻ effects in,  

                            𝑇ሺఝഄశభሻ: 𝐻ଶ → 𝐻ଶ , 𝑓 ⟼ ሺ𝛼 ൅ 1ሻሼሺ𝜑ఌାଵሻ𝑓ሽ                              (6) 

this pressure from 𝑀ሺఝഄశభሻ into 𝐻ଶ.  

Obviously ฮ𝑇ሺఝഄశభሻฮ ൑ ‖ሺ𝜑ఌାଵሻ‖ஶ  can be,  

                                          𝑇∗: 𝐿ஶሺ𝕋ሻ → 𝐵ሺ𝐻ଶሻ, ሺ𝜑ఌାଵሻ ⟼ 𝑇ሺఝഄశభሻ                     (7) 

Linear convergent function to 𝑇ሺఝഄశభሻ
∗ ൌ 𝑇ሺఝഄశభሻതതതതതതതതതത. So that ሺ𝜑ఌାଵሻതതതതതതതതത ൌ ሺ𝜑ఌାଵሻ, after that 𝑇ሺఝഄశభሻ it’s a self-help.  

   The Toeplitz matrix’s ൫𝑎௜௝൯
௜,௝∈ℕ

 can be represents the matrix of fixed diagonals ൫𝑎௜௝൯ ൌ ൫𝑎௜ାଵ,௝ାଵ൯ for every  𝑖, 𝑗. The metric 

matrix can be written as:  

𝑎଴ 𝑎ିଵ 𝑎ିଶ
𝑎ଵ 𝑎଴ 𝑎ିଵ
𝑎ଶ 𝑎ଵ 𝑎଴

       
𝑎ିଷ …
𝑎ିଶ …
𝑎ିଵ …

𝑎ଷ 𝑎ଶ   𝑎ଵ
… … …          

 𝑎଴ …
… …

 

It is clear from this that the topological matrix is determined in two ways ሺ𝑎௡ሻ௡∈ℤ ⊂ ℂ. Where 𝑎௜௝ ൌ 𝑎௜ି௝. As the Toeplitz trigger 

moves with a one-sided shift 𝑢, it is clear that the matrix of a Toeplitz effects 𝑇ሺఝഄశభሻ where about the base ሺ𝜀௡ሻ௡∈ℕ it’s a 

Topological matrix. Furthermore, and the two-sided series corresponding to the  matrix, 𝑇ሺఝഄశభሻ to be ൫ሺ𝜑ఌାଵෟሻሺ𝑛ሻ൯
௡∈ℕ

. 

Remark 2.2. We can prove it if 𝑎 ∈ ሺ𝐻ଶሻ it is a matrix for that base of ሺ𝜀௡ሻ௡∈ℕ represents the Toeplitz matrix, where a it can a 
Toeplitz effects.  

   The problems facing this theory result from the fact that the linear map 𝑇∗ not double. Especially, 𝑇ሺఝഄశభሻ𝑇ሺటഄశభሻ seldom equal to 

𝑇ሺఝഄశభሻሺటഄశభሻ. For instance, if ሺ𝜑ఌାଵሻ ൌ 𝜀ଵ, ሺ𝜓ఌାଵሻ ൌ 𝜀ିଵ, then 𝑇ሺఝഄశభሻ ൌ 𝑢, 𝑇ሺటഄశభሻ ൌ 𝑢∗. Where 𝑢∗ሺ𝜀଴ሻ ൌ 0, 𝑢𝑢∗ ് 1, that 

𝑇ሺఝഄశభሻ𝑇ሺటഄశభሻ ൌ 𝑇ఌబ ൌ 1, then 𝑇ሺఝഄశభሻ𝑇ሺటഄశభሻ ് 𝑇ሺఝഄశభሻሺటഄశభሻ.  

   However, there is an explicit formula for a binary product matrix. 

Put ൫𝑎௜ି௝൯
௜,௝∈ℕ

, ൫𝑏௜ି௝൯
௜,௝∈ℕ

 which represent the matrices of the Toeplitz effect 𝑇ሺఝഄశభሻ, 𝑇ሺటഄశభሻ respectively. When  ൫𝑐௜,௝൯
௜,௝∈ℕ

 

represents the matrix of operating effects 𝑇ሺఝഄశభሻ𝑇ሺటഄశభሻ, then everyone 𝑖, 𝑗,  

                                           𝑐௜ାଵ,௝ାଵ ൌ 𝑐௜,௝ ൅ 𝑎௜ାଵ𝑏ି௝ିଵ                                         (8) 

The above equation can be called the multiplication in this article [3]. This indicates direct evidence.  

 This equation gives us an important property of 𝑇ሺఝഄశభሻ𝑇ሺటഄశభሻ its Toeplitz effect.  

Theorem 2.3. Put ሺ𝜑ఌାଵሻ, ሺ𝜓ఌାଵሻ ∈ 𝐿ஶሺ𝕋ሻ. That ሺ𝜓ఌାଵሻ ∈ 𝐻ஶ, so 𝑇ሺఝഄశభሻሺటഄశభሻ ൌ 𝑇ሺఝഄశభሻ𝑇ሺటഄశభሻ, so 𝑇൫టഄశభതതതതതതതത൯ሺఝഄశభሻ ൌ

𝑇൫టഄశభതതതതതതതത൯𝑇ሺఝഄశభሻ. Conversely, the 𝑇ሺఝഄశభሻ𝑇ሺటഄశభሻ can be Toeplitz effect, that ሺ𝜑ఌାଵതതതതതതሻ 𝑜𝑟 ሺ𝜓ఌାଵሻ ∈ 𝐻ஶ, so 𝑇ሺఝഄశభሻ𝑇ሺటഄశభሻ ൌ

𝑇ሺఝഄశభሻሺటഄశభሻ.  

  Proof: Let  ሺ𝜓ఌାଵሻ ∈ 𝐻ஶ, clear ሺ𝜓ఌାଵሻ𝐻ଶ ⊆ 𝐻ଶ, so that 𝑓 ∈ 𝐻ଶ thereafter 

𝑇ሺఝഄశభሻ𝑇ሺటഄశభሻሺ𝑓ሻ ൌ ሺ𝛼 ൅ 1ሻ൫𝜑ఌାଵሺ𝑝𝜓ఌାଵ𝑓ሻ൯ ൌ ሺ𝛼 ൅ 1ሻሺ𝜑ఌାଵ𝜓ఌାଵ𝑓ሻ ൌ 𝑇ሺఝഄశభሻሺటഄశభሻ 
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thereafter 𝑇ሺఝഄశభሻ𝑇ሺటഄశభሻ ൌ 𝑇ሺఝഄశభሻሺటഄశభሻ. Then 𝑇ሺఝഄశభതതതതതതതሻ𝑇ሺటഄశభሻ ൌ 𝑇ሺఝഄశభതതതതതതതሻሺటഄశభሻ, thereafter,  

𝑇൫టഄశభതതതതതതതത൯𝑇ሺఝഄశభሻ ൌ 𝑇ሺటഄశభሻ
∗ 𝑇ሺఝഄశభതതതതതതതሻ

∗ ൌ 𝑇ሺఝഄశభതതതതതതതሻሺటഄశభሻ
∗ ൌ ൫𝑇ሺఝഄశభതതതതതതതሻ𝑇ሺటഄశభሻ൯

∗
ൌ 𝑇൫టഄశభതതതതതതതത൯ሺఝഄశభሻ 

If we assume the opposite to 𝑇ሺఝഄశభሻሺటഄశభሻ its aToeplitz effect. Thus, we find that its matrix represents the Toeplitz matrix, which 

is the multiplication equation, 𝑎௜ାଵ𝑏ି௝ିଵ ൌ 0 for every 𝑖, 𝑗. Leads to 𝑎௜ାଵ ൌ 0 for every 𝑖 ൒ 0 or 𝑏ି௝ିଵ ൌ 0, for every  𝑗 ൒ 0 

which gives the desired result.   

   We find that the following examples show us the Theorem 2.3. We put ሺ𝑎, 𝑏, 𝑐, 𝑑ሻ, and 𝑒 ∈ ℂ where ሺ𝜓ఌାଵሻ ൌ 𝑎𝜀଴ ൅ 𝑏𝜀ଵ, 
ሺ𝜑ఌାଵሻ ൌ 𝑐𝜀ିଵ ൅ 𝑑𝜀଴ ൅ 𝑒𝜀ଵ. So ሺ𝜓ఌାଵሻ ∈ Γା ⊆ 𝐻ஶ, ሺ𝜑ఌାଵሻ ∈ 𝐿ஶሺ𝕋ሻ. Then a matrix ሺψఌାଵሻ of 𝑇ሺటഄశభሻ can be:  

ሺψఌାଵሻ ൌ

𝑎 0 0
𝑏 𝑎 0
0 𝑏 𝑎

     
0 …
0 …
0 …

0 0 𝑏
… … …

    0 …
… …

 

Similarly, the matrix Φ of 𝑇ሺఝഄశభሻ can be:   

Φ ൌ

𝑑 𝑐 0
𝑒 𝑑 𝑐
0 𝑒 𝑑

    
0 …
0 …
𝑐 …

0 0 𝑒 
… … …

  𝑑 …
… …

 

 

It is clear from this that the metric Toeplitz is product3 

                      Φሺψఌାଵሻ ൌ  

𝑎𝑏 ൅ 𝑏𝑐  𝑎𝑐 0
𝑎𝑒 ൅ 𝑏𝑑 𝑎𝑑 ൅ 𝑏𝑐 𝑎𝑐

𝑏𝑒 𝑎𝑒 ൅ 𝑏𝑑 𝑎𝑑 ൅ 𝑏𝑐
         

0          …
0          …

𝑎𝑐            …
          0             𝑏𝑒 𝑎𝑒 ൅ 𝑏𝑑

… … …
        𝑎𝑑 ൅ 𝑏𝑐   …

…   …

 

 that it’s a Toeplitz matrix. When ሺ𝜑ఌାଵሻሺ𝜓ఌାଵሻ ൌ 𝑎𝑐𝜀ିଵ ൅ ሺ𝑎𝑑 ൅ 𝑏𝑐ሻ𝜀଴ ൅ ሺ𝑎𝑒 ൅ 𝑏𝑑ሻ𝜀ଵ ൅ 𝑏𝑒𝜀ଶ which means that it is the matrix 
of Toeplitz influences 𝑇ሺఝഄశభሻሺటഄశభሻ.  

Corollary 2.4. There are no zero denominators for all the Toeplitz effects. Mostly, whether ሺ𝜑ఌାଵሻሺ𝜓ఌାଵሻ ∈ 𝐿ஶሺ𝕋ሻ [7], so  

𝑇ሺఝഄశభሻ𝑇ሺటഄశభሻ ൌ 0 ⇔ 𝑇ሺఝഄశభሻ ൌ 0 𝑜𝑟 𝑇ሺటഄశభሻ ൌ 0 

Proof: Implied means ⇐ its petty, therefore, the opposite can be proven. When 0 its Toeplitz effects, can be ሺ𝜑ఌାଵതതതതതതሻ 𝑜𝑟 ሺ𝜓ఌାଵሻ ∈
𝐻ஶሺ⊂ 𝐻ଶሻ, ሺ𝜑ఌାଵሻሺ𝜓ఌାଵሻ ൌ 0, from Theorem 2.3. We can see that ሺ𝜑ఌାଵതതതതതതሻ ∈ 𝐻ଶ, where ሺ𝜓ఌାଵሻ ൌ 0, when  ሺ𝜓ఌାଵሻ ∈ 𝐻ଶ, so 
ሺ𝜑ఌାଵሻ ൌ 0. Consequently 𝑇ሺఝഄశభሻ ൌ 0, or 𝑇ሺటഄశభሻ ൌ 0. 

  This conclusion leads us to the following question:  

Question 2.5. Put ሺ𝜑ఌାଵሻ௜ ∈ 𝐿ஶሺ𝕋ሻ, ሺ𝑖 ൌ 1,2, … , 𝑛ሻ, so that  

𝑇ሺఝഄశభሻభ𝑇ሺఝഄశభሻమ … 𝑇ሺఝഄశభሻ೙ ൌ 0 

So it is important to have an index of this type 𝑖, when 𝑇ሺఝഄశభሻ೔
ൌ 0?  

Therefore, case means an explanation of the Corollary 2.4, which was solved by Alexandru Aleman and Dragan Vukoti´c [4]. 
This is from clarification that the previous problem includes the positive result for each 𝑛.  

Theorem 2.6. Let ሺ𝜑ఌାଵሻ ∈ 𝐻ஶ, where ሺ𝜑ఌାଵሻ not scalar, so 𝑇ሺఝഄశభሻ it has no intrinsic value.  

Proof: Assuming that 𝑓 ∈ 𝐻ଶ, 𝜆 ∈ ℂ, ൫𝑇ሺఝഄశభሻ െ 𝜆൯ሺ𝑓ሻ ൌ 0 



Application of Toeplitz Effects to Hardy Space  
 

 
 
Vol. 29 No. 2 November 2021               ISSN: 2509-0119 356

So that ൫ሺ𝜑ఌାଵሻ െ 𝜆൯ሺ𝑓ሻ ൌ 0. Since ሺ𝜑ఌାଵሻ െ 𝜆 ∈ 𝐻ଶ, since it does not represent the zero element, that a set  ൛𝜁 ∈ ℂ|൫ሺ𝜑ఌାଵሻ െ

𝜆൯ሺ𝜁ሻ ൌ 0ൟ is a measurement 0. Thus 𝑓 ൌ 0. 

  If we put 𝐴 is a unit 𝐶∗ െ 𝑎𝑙𝑔𝑒𝑏𝑟𝑎 with the unit 1, when 𝑎 ∈ 𝐴, so that spectrum 𝜎ሺ𝑎ሻ of 𝑎 at 𝐴 can define by  

𝜎ሺ𝑎ሻ ൌ ሼ𝜆 ∈ ℂ|𝜆1 െ 𝑎 There is no reflection 𝑎𝑡 𝐴ሽ 

So that spectral radius of 𝑎 is  

𝑟ሺ𝑎ሻ ൌ supఒ∈ఙሺ௔ሻ|𝜆|. 

Theorem 2.7. Put ሺ𝜑ఌାଵሻ ∈ 𝐿ஶሺ𝕋ሻ, 𝜎ሺ𝜑ఌାଵሻ which refers to the spectrum to ሺ𝜑ఌାଵሻ at 𝐿ஶሺ𝕋ሻ. So  

 

𝜎ሺ𝜑ఌାଵሻ ⊆ 𝜎൫𝑇ሺఝഄశభሻ൯, 𝑟൫𝑇ሺఝഄశభሻ൯ ൌ ฮ𝑇ሺఝഄశభሻฮ ൌ ‖ሺ𝜑ఌାଵሻ‖ஶ. 

Proof: To display it 𝜎ሺ𝜑ఌାଵሻ ⊆ 𝜎൫𝑇ሺఝഄశభሻ൯, we just show that 𝑇ሺఝഄశభሻ be invertible at 𝐵ሺ𝐻ଶሻ. So ሺ𝜑ఌାଵሻ its invertible at 𝐿ஶሺ𝕋ሻ. 

Sure that deficiency results from 𝑇ሺఝഄశభሻ െ 𝜆 ൌ 𝑇ሺఝഄశభషഊሻ where 𝜆 ∈ ℂ. Then can put 𝑇ሺఝഄశభሻ it not inverse, so  that  𝑚 ≔

ฮ𝑇ሺఝഄశభሻ
ିଵ ฮ. To any 𝑓 ∈ 𝐻ଶ,  

‖𝑓‖ ൌ ฮ𝑇ሺఝഄశభሻ
ିଵ 𝑇ሺఝഄశభሻሺ𝑓ሻฮ ൑ 𝑚ฮ𝑇ሺఝഄశభሻሺ𝑓ሻฮ. 

From this we can conclude 𝑛 ∈ ℤ.  

ฮ𝑀ሺఝഄశభሻሺℰ௡𝑓ሻฮ ൌ ‖ሺ𝜑ఌାଵሻℰ௡𝑓‖ ൌ ‖ሺ𝜑ఌାଵሻ‖ ൒ ฮ𝑇ሺఝഄశభሻሺ𝑓ሻฮ ൒
‖𝑓‖

𝑚
ൌ

‖ℰ௡𝑓‖

𝑚
 

Since a functions ℰ௡𝑓 is  𝐿ଶ-norm dense at 𝐿ଶሺ𝕋ሻ. Then Γ is 𝐿ଶ-norm dense at 𝐿ଶሺ𝕋ሻ. Then so that 𝑔 ∈ 𝐿ଶሺ𝕋ሻ that 

ฮ𝑀ሺఝഄశభሻሺ𝑔ሻฮ ൒ ‖𝑔‖ 𝑚⁄ , and 𝑀ሺఝഄశభሻ
∗ 𝑀ሺఝഄశభሻ ൒ 𝑚ିଶ ൐ 0. Then 𝑀ሺఝഄశభሻ

∗ 𝑀ሺఝഄశభሻ is not inverse by 𝑀ሺఝഄశభሻ, 𝑀ሺఝഄశభሻ not invers . So 

that 𝑀∗ ∶ 𝐿ஶሺ𝕋ሻ → 𝐵൫𝐿ଶሺ𝕋ሻ൯ is symmetric ∗-homomorphism.  ሺ𝜑ఌାଵሻ it has no inverse at 𝐿ஶሺ𝕋ሻ.  

     We can put ሺ𝜑ఌାଵሻ hypothetical at 𝐿ஶሺ𝕋ሻ. So that 𝜎ሺ𝜑ఌାଵሻ ⊆ 𝜎൫𝑇ሺఝഄశభሻ൯, then  

ฮ𝑇ሺఝഄశభሻฮ ൑ ‖ሺ𝜑ఌାଵሻ‖ ൌ 𝑟ሺ𝜑ఌାଵሻ ൑ 𝑟൫𝑇ሺఝഄశభሻ൯ ൑ ฮ𝑇ሺఝഄశభሻฮ, then ฮ𝑇ሺఝഄశభሻฮ ൌ 𝑟൫𝑇ሺఝഄశభሻ൯ ൌ ‖ሺ𝜑ఌାଵሻ‖.  

  The Notation 2.8. Let 𝐻 is a Hilbert space, 𝑥, 𝑦 ∈ 𝐻 from that can be determined 𝑥 ⊗ 𝑦௖ at 𝐻 by 𝑥 ⊗ 𝑦௖ሺ𝑧ሻ ൌ 〈𝑧, 𝑦〉ுೣ, 𝑧 ∈ 𝐻. 
So that 𝑥 ⊗ 𝑦௖, is a von Neumann-schatten products  of 𝑥, 𝑦.  

  Where it can be seen easily 𝑥 ⊗ 𝑦௖ it represents a limited first-order effect when 𝑥, 𝑦 non-trivial. Other essential properties of 
von Neumann-Schatten products are found in [2].  

   The Notation 2.9. Let 𝐻 is a Hilbert space, can refer to 𝐾ሺ𝐻ሻ, 𝐹ሺ𝐻ሻ elements for all built-in effects and the set of all finite rank 
effects at 𝐻 respectively. 

Theorem 2.10. Put ሺ𝜑ఌାଵሻ ∈ 𝐿ஶሺ𝕋ሻ, so 𝑇ሺఝഄశభሻ compressed if and only if ሺ𝜑ఌାଵሻ ൌ 0.  

Proof: Note that first  

𝑢∗௡ሺ𝜀௠ሻ ൌ ൜
𝜀௠ି௡ 𝑖𝑓 𝑚 ൒ 𝑛

0 𝑖𝑓 𝑚 ൏ 𝑛 

 

Then, put 𝑓 ∈ 𝐻ଶ, so  

‖𝑢∗௡ሺ𝑓ሻ‖ଶ ൌ ‖∑ 〈𝑓, 𝜀௠〉ஶ
௠ୀ௡ 𝜀௠ି௡‖ଶ ൌ ∑ |〈𝑓, 𝜀௠〉|ଶஶ

௠ୀ௡                                        (9) 

Then, 𝑢∗௡ሺ𝑓ሻ → 0, ሺ𝑛 → ∞ሻ at 𝐻ଶ. When 𝑣 ∈ 𝐹ሺ𝐻ଶሻ, can find 𝑓ଵ, … , 𝑓௡ 𝑎𝑛𝑑 𝑔ଵ, … , 𝑔௡ at 𝐻ଶ which means 𝑣 ൌ ∑ 𝑓௝⨂𝑔௝
௖௡

௝ୀଵ , 

hence, we find that any positive integer 𝑚, become 𝑢∗௠𝑣 ൌ ∑ 𝑢∗௠൫𝑓௝൯⨂𝑔௝
௖௡

௝ୀଵ . Then, lim௠→ஶ‖𝑢∗௠𝑣‖ ൌ 0 
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then 𝐹ሺ𝐻ଶሻ dense at 𝐾ሺ𝐻ଶሻ, lim௠→ஶ‖𝑢∗௠𝑤‖ ൌ 0, to any 𝑤 ∈ 𝐾ሺ𝐻ଶሻ. Note that 𝑢∗𝑇ሺఝഄశభሻ𝑢 ൌ 𝑇ఌିଵ𝑇ሺఝഄశభሻ𝑇ఌଵ ൌ 𝑇ఌିଵሺఝഄశభሻఌଵ ൌ

𝑇ሺఝഄశభሻ from Theorem 2.3, then if 𝑇ሺఝഄశభሻit is built in  

ฮ𝑇ሺఝഄశభሻฮ ൌ ฮ𝑢∗௠𝑇ሺఝഄశభሻ𝑢∗௠ฮ ൑ ฮ𝑢∗௠𝑇ሺఝഄశభሻฮ 𝑎𝑛𝑑 lim௠→ஶฮ𝑢∗௠𝑇ሺఝഄశభሻฮ ൌ 0    (10) 

then 𝑇ሺఝഄశభሻ ൌ 0. From Theorem 2.7. can find that ሺ𝜑ఌାଵሻ ൌ 0. 

  Lemma 2.11. Put ሺ𝜑ఌାଵሻ ∈ 𝐶ሺ𝕋ሻ and ሺ𝜓ఌାଵሻ ∈ 𝐿ஶሺ𝕋ሻ, so that  𝑇ሺఝഄశభሻ𝑇ሺటഄశభሻ െ 𝑇ሺఝഄశభሻሺటഄశభሻ and 𝑇ሺటഄశభሻ𝑇ሺఝഄశభሻ െ 𝑇ሺటഄశభሻሺఝഄశభሻ 

are compact effects.  

Proof: When  𝐾ሺ𝐻ଶሻ is self-adjoint, we only have to show that 𝑇ሺటഄశభሻ𝑇ሺఝഄశభሻ െ 𝑇ሺటഄశభሻሺఝഄశభሻ ∈ 𝐾ሺ𝐻ଶሻ. Then Γ is dense in 𝐶ሺ𝕋ሻ 

and the map 𝑇∗ is a linear, we may suppose that ሺ𝜑ఌାଵሻ ൌ 𝜀௡ for some 𝑛 ∈ ℤ. Put 𝑛 ൒ 0, from Theorem 2.3. 𝑇ሺటഄశభሻ𝑇ఌ೙ െ

𝑇ሺటഄశభሻఌ೙ ൌ 0 ∈ 𝐾ሺ𝐻ଶሻ.  

   Then became 𝑇ሺటഄశభሻ𝑇ఌషೖ
െ 𝑇ሺటഄశభሻఌషೖ

 is compact for all 𝐾 ൒ 1, by induction at 𝐾. We put 𝑓 ∈ 𝐻ଶ, so 

 𝑇ሺటഄశభሻ𝑇ఌషభ
ሺ𝑓ሻ ൌ ሺ𝛼 ൅ 1ሻ൫ሺ𝜓ఌାଵሻሺ𝛼 ൅ 1ሻሺ𝜀ିଵ𝑓ሻ൯ ൌ ሺ𝛼 ൅ 1ሻ൫ሺ𝜓ఌାଵሻሺ𝜀ିଵ𝑓 െ 〈𝑓, 𝜀଴〉𝜀ିଵሻ൯ ൌ 𝑇ሺటഄశభሻఌషభ𝑇ఌషభ𝑓 െ 〈𝑓, 𝜀଴〉ሺ𝛼 ൅

1ሻሺ𝜓ఌାଵሻ𝜀ିଵ. Then  

𝑇ሺటഄశభሻ𝑇ఌషభ െ 𝑇ሺటഄశభሻఌషభis an operator of rank not greater than one.  

    Suppose we show that in 𝑇ሺటഄశభሻ𝑇ఌషೖ
െ 𝑇ሺటഄశభሻఌషೖ

 is compact for ሺ𝜓ఌାଵሻ ∈ 𝐿ஶሺ𝕋ሻ, for any 𝑘 ൒ 1. So  

𝑇ሺటഄశభሻ𝑇ఌషೖషభ
െ 𝑇ሺటഄశభሻఌషೖషభ

 

ൌ ൫𝑇ሺటഄశభሻ𝑇ఌషೖ
െ 𝑇ሺటഄశభሻఌషೖ

൯𝑇ఌషభ ൅ 𝑇ሺటഄశభሻሺఌషೖሻ𝑇ఌషభ െ 𝑇൫ሺటഄశభሻሺఌషೖሻ൯ఌషభ
            (11) 

is compact.  

3. The Toeplitz Algebra. Put 𝔸 can be 𝐶∗-algebra denoted by any Toeplitz effects  𝑇ሺఝഄశభሻ with symbol ሺ𝜑ఌାଵሻ ∈ 𝐶ሺ𝕋ሻ, where 𝔸 

is Toeplitz algebra. 

    Put 𝔸 is a 𝐶∗-algebra, then its commutator ideal is the closed ideal generated by the commutators ሾ𝑎, 𝑏ሿ ൌ 𝑎𝑏 െ 𝑏𝑎, ሺ𝑎, 𝑏ሻ ∈ 𝔸. 
Clearly, the commutator ideal is the smallest closed ideal 𝐼 in 𝔸 such that 𝔸 𝐼⁄  is abelian. First, we determine the commutator 
ideal of the Toeplitz algebra 𝔸. [6].  

Theorem 3.1. The commutator ideal of 𝔸 is 𝐾ሺ𝐻ଶሻ.  

Proof: Observe first that if 𝐾 is a closed vector subspace of 𝐻ଶ invariant for 𝔸, then 𝐾 is  reducing for 𝑢, and therefore by 
Theorem 1.11 𝐾 ൌ  0 or 𝐻ଶ. Thus, 𝔸 is an irreducible sub algebra of 𝐵ሺ𝐻ଶሻ.  

   Now, set ሺ𝛼 ൅ 1ሻ ൌ ሾ𝑢∗, 𝑢ሿ ൌ  1 െ  𝑢𝑢∗. Obviously, ሺ𝛼 ൅ 1ሻ is of rank 1 and belongs to the commutator ideal 𝐼 of 𝔸. Since 
finite-rank operators are compact, ሺ𝛼 ൅ 1ሻ ∈ 𝔸 ∩ 𝐾ሺ𝐻ଶሻ. [2] (and the irreducibility in one of its assumption), it follows that 
𝐾ሺ𝐻ଶሻ ⊆ 𝔸. Since 𝔸/𝐾ሺ𝐻ଶሻ is generated by the elements  

𝑇ሺఝഄశభሻ ൅ 𝐾ሺ𝐻ଶሻ, ሺ𝜑ఌାଵሻ ∈ 𝐶ሺ𝕋ሻ 

which are commuting and normal by Lemma 2.10, 𝔸/𝐾ሺ𝐻ଶሻ is abelian. Because  𝐾ሺ𝐻ଶሻis simple, 1 ൌ 𝐾ሺ𝐻ଶሻ. 

Theorem 3.2. The map  

Ψ: 𝐶ሺ𝕋ሻ → 𝔸/𝐾ሺ𝐻ଶሻ, ሺ𝜑ఌାଵሻ → 𝑇ఝഄశభ ൅ 𝐾ሺ𝐻ଶሻ 

is 𝑎∗isomorphism 

Proof: Put ሺ𝜑ఌାଵሻ, ሺ𝜓ఌାଵሻ ∈ 𝐶ሺ𝕋ሻ, from Lemma 2.10  

Ψ൫ሺ𝜑ఌାଵሻሺ𝜓ఌାଵሻ൯ ൌ 𝑇ሺఝഄశభሻሺటഄశభሻ ൅ 𝐾ሺ𝐻ଶሻ ൌ 𝑇ሺఝഄశభሻ𝑇ሺటഄశభሻ ൅ 𝐾ሺ𝐻ଶሻ ൌ Ψሺ𝜑ఌାଵሻΨሺ𝜓ఌାଵሻ  
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Then Ψ is multiplicative so that the map 𝑇∗ it is linear and convergent so is Ψ. Consequently Ψ it’s a∗-homomorphism obviously 

the elements 𝑇ሺఝഄశభሻ ൅ 𝐾ሺ𝐻ଶሻ, ൫ሺ𝜑ఌାଵሻ ∈ 𝐶ሺ𝕋ሻ൯ becomes 𝔸/𝐾ሺ𝐻ଶሻ, so that Ψ is surjective. When Ψሺ𝜑ఌାଵሻ ൌ 𝑇ሺఝഄశభሻ ൅

𝐾ሺ𝐻ଶሻ ൌ 𝐾ሺ𝐻ଶሻ, then 𝑇ሺఝഄశభሻ ∈ 𝐾ሺ𝐻ଶሻ, and from Theorem 2.9 ሺ𝜑ఌାଵሻ ൌ 0. Ψ can be injective.  

   Now, we mention the indispensable items in the player theorist's tool-kit; that index and main Domain. Put 𝑋, 𝑌 be Banach 
distances. 𝑤 ∈ 𝐵ሺ𝑋, 𝑌ሻ is Fredholm if 𝑑𝑖𝑚 ሺ𝑘𝑒𝑟 𝑤ሻ and 𝑐𝑜𝑑𝑖𝑚ଢ଼ሺw ሺXሻሻ   limited. We define the index of 𝑤 can be 

𝑖𝑛𝑑 ሺ𝑤ሻ ൌ 𝑑𝑖𝑚ሺ𝑘𝑒𝑟 𝑤ሻ െ 𝑐𝑜𝑑𝑖𝑚ଢ଼ሺw ሺXሻሻ. 

We can use the following from [2] to calculate the Friedholm indices. 

Fact 3.3. Put 𝑋, 𝑌, 𝑍 can be Banach spaces, and put 𝑤ଵ ൌ 𝑋 → 𝑌 and 𝑤ଶ ൌ 𝑌 → 𝑍 be Fredholm operators. So 𝑤ଶ𝑤ଵ is Fredholm 
and  

𝑖𝑛𝑑ሺ𝑤ଶ𝑤ଵሻ ൌ 𝑖𝑛𝑑ሺ𝑤ଶሻ ൅ 𝑖𝑛𝑑ሺ𝑤ଵሻ 

Since all the factors between finite-dimensional spaces are Fredholm, we assume that 𝑋 is an infinite-dimensional Banach space. 
We have a useful characterization of the Friedholm operators.  

Fact 3.4. If 𝑤 ∈ 𝐵ሺ𝑋ሻ then 𝑤 can be Fredholm ⇔ 𝑤 ൅ 𝐾ሺ𝑋ሻ is invertible at 𝐵ሺ𝑋ሻ/𝐾ሺ𝑋ሻ. The basic spectrum 𝜎௘ሺ𝑤ଵሻ of 𝑤 ∈
𝐵ሺ𝑋ሻ known as  

𝜎௘ሺ𝑤ଵሻ ൌ ሼ𝜆 ∈ ℂ|𝑤 െ 𝜆 𝑖𝑠 𝑛𝑜𝑡 Fredholmሽ 

If 𝜋: 𝐵ሺ𝑋ሻ → 𝐵ሺ𝑋ሻ/𝐾ሺ𝑋ሻ  is the quotient map, it is clear that 𝜎௘ሺ𝑤ଵሻ ൌ 𝜎൫𝜋ሺ𝑤ሻ൯ by Atkinson characterization.  

Corollary 3.5  Put ሺ𝜑ఌାଵሻ ∈ 𝐶ሺ𝕋ሻ, so 𝑇ሺఝഄశభሻ is Fredholm if and only if ሺ𝜑ఌାଵሻ it doesn't disappear anywhere.  

Proof: From Atkinson characterization, Theorem 3.2, 

𝑇ሺఝഄశభሻis Fredholm ⇔  𝑇ሺఝഄశభሻ ൅ 𝐾ሺ𝐻ଶሻ 𝑖𝑠 𝑖𝑛𝑣𝑒𝑟𝑡𝑖𝑏𝑙𝑒 𝑎𝑡 𝐵ሺ𝐻ଶሻ/𝐾ሺ𝐻ଶሻ  

⇔  𝑇ሺఝഄశభሻ ൅ 𝐾ሺ𝐻ଶሻ 𝑖𝑠 𝑖𝑛𝑣𝑒𝑟𝑡𝑖𝑏𝑙𝑒 𝑎𝑡 𝔸ሺ𝐻ଶሻ/𝐾ሺ𝐻ଶሻ 

Then from Theorem 3.2, 𝑇ሺఝഄశభሻ is Fredholm if and only if ሺ𝜑ఌାଵሻ is invertible at 𝐶ሺ𝕋ሻ.  

Corollary 3.6. Put ሺ𝜑ఌାଵሻ ∈ 𝐶ሺ𝕋ሻ, so 𝜎௘൫𝑇ሺఝഄశభሻ൯ ൌ ሺ𝜑ఌାଵሻሺ𝕋ሻ  

Proof: By the Atkinson characterizaton and Theorem 3.2 𝜎௘൫𝑇ሺఝഄశభሻ൯ ൌ 𝜎 ቀ𝜋൫𝑇ሺఝഄశభሻ൯ቁ ൌ 𝜎ሺ𝜑ఌାଵሻ ൌ ሺ𝜑ఌାଵሻሺ𝕋ሻ.  

  Then, the continuous symbol Toeplitz effects connected the basic spectrum. Especially, 𝜎௘ሺ𝑢ሻ ൌ 𝜎൫𝑇ఌభ൯ ൌ 𝕋. 

    Then, we calculate the Fredholm index of Toeplitz effects ൫𝑇ఌ೙൯. Since ker 𝑢 ൌ 0 and 𝑢ሺ𝐻ଶሻ is the closed linear span of the set 

ሼ 𝜀௡| 𝑛 ൒ 1ሽ, so 𝑖𝑛𝑑൫𝑇ఌభ൯ ൌ  𝑖𝑛𝑑ሺ𝑢ሻ ൌ 0 െ 1 ൌ െ1. So, the unilateral shift 𝑢 has index െ1. If 𝑛 ∈  ℕ, then 𝑖𝑛𝑑൫𝑇ఌ೙൯ ൌ

 𝑖𝑛𝑑ሺ𝑢௡ሻ ൌ 𝑛 𝑖𝑛𝑑ሺ𝑢ሻ ൌ െ𝑛, where Fact 3.3 has been used in the second equality. By, the equality 𝑇ఌష೙𝑇ఌ೙ ൌ 𝑇ଵ one also infers 

that 𝑖𝑛𝑑൫𝑇ఌష೙൯ ൌ 𝑛 ൌ െሺെ𝑛ሻ.  

   And when we put ሺ𝜑ఌାଵሻ ∈ 𝐶ሺ𝕋ሻ is a reversible element with 𝑤𝑛ሺ𝜑ఌାଵሻ ൌ 𝑛. Then ሺ𝜑ఌାଵሻ ൌ 𝜀௡𝑒ሺటഄశభሻ to any ሺ𝜓ఌାଵሻ ∈ 𝐶ሺ𝕋ሻ 
and 𝑇ሺఝഄశభሻ ൌ 𝑇ఌ೙𝑇௘ሺഗഄశభሻ when 𝑛 ൒ 0, 𝑇∅ ൌ 𝑇ఢ೙𝑇௘ሺഗഄశభሻ, when 𝑛 ൏ 0, from Theorem 2.3. Then  

𝑖𝑛𝑑൫𝑇ሺఝഄశభሻ൯ ൌ 𝑖𝑛𝑑ሺ𝜀௡ሻ ൅ 𝑖𝑛𝑑𝑒ሺటഄశభሻ ൌ െ𝑛 

So 𝑇௘ሺഗഄశభሻ it is from index zero with the proof of Lemma 3.8. Below. 

  Since the winding number of ሺ𝜑ఌାଵሻ is unchanged as long as the homotopy class is fixed, so is the ”analytic invariant”, the 
Fredholm index of a Toeplitz effects 𝑇ሺఝഄశభሻ. 

   We will generalize this result, which is the simplest case of the Atiyah-Singer index theorem on odd-dimensional manifolds.   

Theorem 3.7. If ሺ𝜑ఌାଵሻ represents a reversible element at 𝐶ሺ𝕋ሻ so that  
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𝑖𝑛𝑑൫𝑇ሺఝഄశభሻ൯ ൌ െ𝑤𝑛ሺ𝜑ఌାଵሻ 

Where 𝑤𝑛ሺ𝜑ఌାଵሻ is the winding number of ሺ𝜑ఌାଵሻ with respect to the origin.  

  The winding number of the continuous function ሺ𝜑ఌାଵሻ: 𝕋 → ℂ\ሼ0ሽ is the unique integer 𝑛 given by next lemma.  

  Lemma 3.8. If ሺ𝜑ఌାଵሻ is an inverse function in 𝐶ሺ𝕋ሻ, so that so that there exists a unique integer 𝑛 ∈ ℤ such that ሺ𝜑ఌାଵሻ ൌ
𝜀௡𝑒ሺటഄశభሻ for some ሺ𝜓ఌାଵሻ ∈ 𝐶ሺ𝕋ሻ.  

Proof: Here we show the uniqueness of the integer 𝑛 (for the existence of 𝑛 and ሺ𝜓ఌାଵሻ; can find in [2]). We need only show that 

if 𝜀௡ ൌ 𝑒ሺటഄశభሻ to any ሺ𝜓ఌାଵሻ ∈ 𝐶ሺ𝕋ሻ, so that 𝑛 ൌ 0. Then  

𝛼: ሾ0,1ሿ → ℤ, 𝑡 ↦ 𝑖𝑛𝑑 ൫𝑇௘೟ሺഗഄశభሻ൯ 

is continuous and has discrete range and connected domain, so it is necessarily constant. Hence  

െ𝑛 ൌ 𝑖𝑛𝑑൫𝑇௘ሺഗഄశభሻ൯ ൌ 𝛼ሺ1ሻ ൌ 𝛼ሺ0ሻ ൌ 𝑖𝑛𝑑ሺ𝑇ଵሻ ൌ 𝑖𝑛𝑑ሺ1ሻ ൌ 0 

Corollary 3.9. Put ሺ𝜑ఌାଵሻ ∈ 𝐶ሺ𝕋ሻ is an invertible element. So the following conditions are equivalent.  

1- ൫𝑇ሺఝഄశభሻ൯ is invertible.  

2- 𝑖𝑛𝑑൫𝑇ሺఝഄశభሻ൯ ൌ 0. 

3- ሺ𝜑ఌାଵሻ ൌ 𝑒ሺటഄశభሻ to any ሺ𝜓ఌାଵሻ ∈ 𝐶ሺ𝕋ሻ. 

Proof: Can need only to show the implication (3) ⇒ (1) since the others are obvious from the preceding result. 

The first, if 𝜌 ൌ ∑ 𝜆௡|௡|ஸே 𝜀௡ ∈ Γ, writes 𝜌/ ൌ ∑ 𝜆௡𝜀௡
ே
௡ୀ଴ , and 𝜌// ൌ ∑ 𝜆ି௡𝜀ି௡

ே
௡ୀଵ , so 𝜌 ൌ 𝜌/ ൅ 𝜌//, and 𝜌/, 𝜌//തതതത ∈ 𝐻ஶ. From (1) 

of Lemma 1.6 can be 𝑒ఘ/
, 𝑒ఘ//തതതതത

∈ 𝐻ஶ. From Theorem 2.3 can be 𝑇
௘ഐ/  and 𝑇

௘ഐ//തതതതത are invertible with inverses 𝑇
௘షഐ/  and 𝑇

௘షഐ//തതതതതതതത 

respectively.  

   Then if ሺ𝜓ఌାଵሻ ∈ 𝐶ሺ𝕋ሻ is an arbitrary element, then by the density of Γ at 𝐶ሺ𝕋ሻ, we can choose a trigonometric polynomial 𝜌 as 
above such that 

 ฮ1 െ 𝑒ሺటഄశభሻି ఘฮ ൏ 1. Then  𝑇௘ሺഗഄశభሻ ൌ 𝑇
௘ഐ//

௘ሺഗഄశభሻషഐ௘ഐ/ ൌ 𝑇
௘ഐ// 𝑇௘ሺഗഄశభሻషഐ𝑇

௘ഐ/ . Since ฮ1 െ 𝑇௘ሺഗഄశభሻషഐฮ ൌ ฮ𝑇ଵି௘ሺഗഄశభሻషഐฮ ൌ

ฮ1 െ 𝑒ሺటഄశభሻିఘฮ ൏ 1, the effect 𝑇௘ሺഗഄశభሻషഐ is invertible. Then 𝑇௘ሺഗഄశభሻ is a product of invertible operators and is therefore 

invertible.  

   We have an application of the baby index theorem to the spectral theory of Toeplitz effects.  

Theorem 3.10. The spectrum of a Toeplitz effects with continuous symbol is connected.  

 Proof: Put ሺ𝜑ఌାଵሻ ∈ 𝐶ሺ𝕋ሻ, so by the baby index theorem and Corollary 3.8,  

         𝜎൫𝑇ሺఝഄశభሻ൯ ൌ ሺ𝜑ఌାଵሻሺ𝕋ሻ⋃൛𝜆 ∈ ℂ|𝑤𝑛൫ሺ𝜑ఌାଵሻ െ 𝜆൯ ് 0ൟ                         (12) 

And therefore 𝜎൫𝑇ሺఝഄశభሻ൯ is a compact set consisting of a continuous compressed curve ሺ𝜑ఌାଵሻሺ𝕋ሻ and some holes, so 𝜎൫𝑇ሺఝഄశభሻ൯ 

is connected.  

   In question 2.5, a natural question arises from this theory.  

Question 3.11. Is the spectrum of the Toeplitz effects necessarily connected?  

   This question was asked by Halmos, then answered by Harold Widom [5] by proving that after theory.  

  Any Toeplitz effects is a continuum spectrum. 

Remark 3.12. Since 𝐶ሺ𝕋ሻ is a 𝐶∗-algebra was created by 𝜀ଵ, 𝔸 resulted from unilateral transformation 𝑢 ൌ 𝑇ఌభ.  
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  So that from (Wolde von Neumann). If 𝑊 is isometric over Hilbert area 𝐻, then 𝑊 is a Unitary, or direct sum of unilateral 
transformation copies, or direct sum of unitary and copies of unilateral transformation.  

Remark 3.13. Put 𝛼 to be a prime number. We refer by 𝑢ሺఈሻ the direct sum of α copies of unilateral transformation. Then says 
that the measurement 𝑊 is of the form 

𝑊 ൌ 𝑢ሺఈሻ⨁𝑈 

Where 𝑈 is a unit (may be empty).  

Proof: We may assume that 𝑊 is neither a unitary nor a sum of copies of a one-sided transformation. Puts  

𝐾 ൌ ሩ 𝑊௡

ஶ

௡ୀ଴

ሺ𝐻ሻ 

Then, 𝑊ሺ𝐾ሻ ൌ  𝐾, and thus 𝐾 reduces 𝑊. We put 𝑊 ൌ 𝑤 ⊕ 𝑤́ where 𝑤 and 𝑤́  is Compressions of 𝑊 to 𝐾 and 𝐾ୄ 
respectively. Then the 𝑤 is isometric, the equation 𝑊ሺ𝐾ሻ ൌ 𝐾 means that 𝑤 is sectarian, so 𝑤 is unitary. Therefore, we only need 
to prove that 𝑤́ is a direct amount From copying the shift by one 𝑢.  

   Now, set  

𝐿 ൌ ሺ𝑊ሺ𝐻ሻሻୄ 

So that, 𝑊௡ሺ𝐿ሻ ⊆ 𝑊ሺ𝐻ሻ ൌ 𝐿ୄ, to any 𝑛 ൐ 0, then 𝑚, 𝑛 ∈ ℕ and 𝑚 ് 𝑛, then 𝑊௠ሺ𝐿ሻ ⊥ 𝑊௡ሺ𝐿ሻ. We claim it  

⨁௡ୀ଴
ஶ 𝑊௡ሺ𝐿ሻ ൌ 𝐾ୄ  

Clearly, 𝑊௡ሺ𝐿ሻ ⊥ 𝑊௡ሺ𝐿ୄሻ ൌ 𝑊௡ାଵሺ𝐻ሻ. Since 𝐾 ⊆ 𝑊௡ାଵሺ𝐻ሻ, one concludes that 𝑊௡ሺ𝐿ሻ ⊆ 𝐾ୄ,and therefore ⨁௡ୀ଴
ஶ 𝑊௡ሺ𝐿ሻ ⊆

𝐾ୄ. To display ⨁௡ୀ଴
ஶ 𝑊௡ሺ𝐿ሻ ⊇ 𝐾ୄ, it is enough to show that if 𝑥 ∈ 𝐻, such that 𝑥 ⊥ 𝑊௡ሺ𝐿ሻ, to any 𝑛 ∈ ℕ, then 𝑥 ∈ 𝐾. This is 

clearly true for 𝑛 ൌ 0. If 𝑥 ∈ 𝑊௡ሺ𝐻ሻ, then there is 𝑦 ∈ 𝐻, such that 𝑥 ൌ 𝑊௡ሺ𝑦ሻ. Since 𝑊௡ሺ𝑦ሻ ⊥ 𝑊௡ሺ𝐿ሻ, then 𝑦 ⊆ 𝐿ୄ ൌ 𝑊ሺ𝐻ሻ, 
and therefore 𝑥 ∈ 𝑊௡ାଵሺ𝐻ሻ.  

  Let 𝐸 be an orthogonal basis for 𝐿. Since 𝑊 is an isometric, ⋃ 𝑊௡ሺ𝐸ሻஶ
௡ୀ଴  is an orthogonal basis of 𝐾ୄ. For each 𝑒 ∈ 𝐸, make 𝐿௘ 

be the Hilbert subspace of  𝐾ୄ having ൫𝑊௡ሺ𝑒ሻ൯
௡ୀ଴

ஶ
 as orthogonal basis. Then  

𝐾ୄ ൌ ⨁
௘∈ா

𝐿௘ 

each 𝐿௘ is constant with respect to 𝑊, and the sympathy 𝑊௘ from 𝑊 to 𝐿௘ is the one-sided transformation, and  

𝑤́ ൌ ⨁
௘∈ா

𝑊௘ 

   Before moving on to Coburn's theorem, we recall the basic tool in operator theory [2].  

  Fact 3.14 (Functional Calculus). Put 𝐵 be a unital 𝐶∗-algebra, 𝑎 be a natural element in 𝐵 and 𝑧: 𝜎ሺ𝑎ሻ → ℂ be the imputation 
map, [5]. Then there exists a unique unital isometric ∗-homomorphism  

Θ௔: 𝐶൫𝜎ሺ𝑎ሻ൯ → 𝐵 

such that Θ௔ ሺ𝑧ሻ ൌ 𝑎 and the 𝑖𝑚𝑎𝑔𝑒 Θ௔ ቀ𝐶൫𝜎ሺ𝑎ሻ൯ቁ  is the  𝐶∗-algebra generated by the unit of 𝐵 and 𝑎.  

   The map Θ௔ it is called functional calculus in 𝑎. Note that if 𝑓 ∈ 𝐶൫𝜎ሺ𝑎ሻ൯, then we write Θ௔ሺ𝑓ሻ ൌ 𝑓ሺ𝑎ሻ. 

lemma 1.15. If 𝑤 is aunitary in aunitary in 𝑎 𝐶∗-algebra 𝐵. Then there is aunique unit ∗-homomorphism ሺ𝜑ఌାଵሻ: 𝐶ሺ𝕋ሻ → 𝐵 such 
that ሺ𝜑ఌାଵሻሺ𝑧ሻ ൌ 𝑤. 

Proof: Note that 𝜎ሺ𝑤ሻ  ⊆ 𝕋 and that the map  

𝑖 ∶ 𝐶ሺ𝕋ሻ → 𝐶൫𝜎ሺ𝑤ሻ൯, 𝑓 ↦  𝑓|ఙሺ௪ሻ  

is a unital ∗-homomorphism. One gets ሺ𝜑ఌାଵሻ by setting ሺ𝜑ఌାଵሻ ൌ 𝛩௪ 𝜊𝑖. Since 𝑧 generates 𝐶ሺ𝕋ሻ, ሺ𝜑ఌାଵሻ is unique.  



Application of Toeplitz Effects to Hardy Space  
 

 
 
Vol. 29 No. 2 November 2021               ISSN: 2509-0119 361

Theorem 1.16. Suppose that 𝑤 is an isometry in a unital C∗-algebra 𝐵. Then there exists a unique unital ∗-homomorphism.  

𝛷: 𝐴 → 𝐵 

Such that 𝛷 ሺ𝑢ሻ ൌ 𝑤. Moreover, if 𝑤𝑤∗  ് 1 (so that 𝑤 is notunitary), then ሺ𝜑ఌାଵሻ is isometric.  

Proof: The uniqueness of 𝛷 is evident by Remark 3.12. By building the GNS-construction, we have reduced to The case where 𝐵 
is a unital 𝐶∗-subalgebra of 𝐵ሺ𝐻ሻ containing idு  of some Hilbert space 𝐻. By the Weld-von Neumann decomposition, we can 
write. 

൜
𝐻 ൌ⊕஛∈ஃ 𝐻஛

𝑤 ൌ⊕஛∈ஃ 𝑤஛
 

where 𝐻஛ are Hilbert spaces and each 𝑤஛ ∈ 𝐵ሺ𝐻஛ሻ is a unitary or a unilateral shift.  

  If 𝑤஛ is unitary, then can fined by Lemma 3.15 composing all of the following maps  

                               𝔸 
గ
→ 𝔸 𝐾ሺ𝐻ଶሻ⁄

ሺటഄశభሻషభ

ሱ⎯⎯⎯⎯⎯ሮ 𝐶ሺ𝕋ሻ
ሺఝഄశభሻ
ሱ⎯⎯⎯ሮ 𝐵ሺ𝐻஛ሻ                            (13) 

where π is an quotient map, one gets a unital ∗-homomorphism 𝛷஛: 𝔸 →  𝐵 ሺ𝐻஛ሻ such that 𝛷஛ ሺ𝑢ሻ  ൌ  𝑤஛.  

   If 𝑤஛  is a one-sided transformation, then there is a monosyllabic 𝑈஛: 𝐻ଶ → 𝐻஛ such that 𝑤஛ ൌ 𝑈஛ 𝑢𝑈஛
∗. and then the map  

                         𝛷஛: 𝔸 →  𝐵 ሺ𝐻஛ሻ, 𝑎 ↦ 𝑈஛ 𝑎𝑈஛
∗.                                                 (14) 

is an isometric unital ∗-homomorphism such that 𝛷஛ ሺ𝑢ሻ  ൌ  𝑤஛.  

   Now, through the previous paragraphs, we get the family of representations ሺ𝐻஛, 𝛷஛ሻ஛∈ஃ from C∗algabra 𝔸. Make (H, Φ) the 
direct sum of ሺ𝐻஛, 𝛷஛ሻ஛∈ஃ. Then 𝛷: 𝔸 → 𝐵 ሺ𝐻ሻ is a unital ∗-homomorphism such that 𝛷 ሺ𝑢ሻ ൌ ⊕ఒ 𝑤஛ ൌ 𝑤. Moreover, since 
𝛷 ሺ𝑢ሻ ∈ 𝐵 and 𝑢 generates 𝔸, one it follows that 𝛷 ሺ𝔸ሻ ⊆ 𝐵. 

 

  In the end, we assume that 𝑤𝑤∗ ് 1 . Then some 𝑤஛బ is a unilateral shift. Hence, the representation ൫𝐻஛బ, Φ஛బ൯ is faithful,  then 

ሺ𝐻, 𝛷ሻ. Therefore, using the fact that the injective of ∗-homomorphism between 𝐶∗-algebras is necessarily isometric, Φ is 
isometric.  
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