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Abstract — Previous studies introduced the concepts of bijective soft sets and bijective fuzzy soft sets as the particular types of soft sets
and fuzzy soft sets, respectively, and their application in decision-making. In this article, it is found that the decision-making algorithm
on the bijective soft set or the bijective fuzzy soft set can be applied to an N-soft set by providing adjustments to the operations on the N-
soft set. This opens the opportunity to theoretically study a specific type of an N-soft set as a generalized form of a bijective soft set.
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I. INTRODUCTION

The problem of uncertainty often occurs in various areas of life because it involves uncertain data. One example of this problem
is the problem of decision making. In 1965, Prof. L.A. Zadeh [5] introduced the fuzzy set theory (FS) to solve decision-making
problems on objects whose data contains an element of uncertainty associated with one particular parameter. In FS theory, the
membership values of objects are studied, where the membership values are in the interval [0, 1]. However, FS theory has
limitations, so that in 1999 Molodtsov [1] introduced soft set theory (SS) to deal with decision-making problems involving more
than one parameter or attribute. SS theory is used for grouping objects against a certain parameter or attribute. If these objects meet
or are related to a certain parameter or attribute, then they are given a value of 1, otherwise, they are given a value of 0. However,
the fact is that in everyday life the problems encountered cannot always be evaluated with the numbers 0 and 1, or expressed in a
real number between 0 and 1 but can also be evaluated by a value called a rank or a grade which is a whole number. So, in 2018,
Fatimah et al. [2] generalized the SS theory called the N-soft set (NSS), in which the NSS examines ranked objects that meet a
parameter or attribute.

In 2010, Gong et al. [3] introduced the bijective soft set (BSS) concept. BSS is a special type of SS where each object is only
associated with one particular parameter or attribute of the many parameters in the SS. Furthermore, Gong et al. In 2013[4] also
introduced a special type of fuzzy soft set (FSS), which is a combination of the concepts of SS and FS, called the bijective fuzzy
soft set (BFSS). This BFSS is an amalgamation of the concepts of BSS and FSS. Inspired by the BFSS theory where the membership
value of an object is not only 0 and 1, it is interesting to study an example of a case from NSS which, under certain conditions, can
meet conditions such as in BSS or BFSS, so that a special type is also obtained from NSS. Of course, from the results of this study,
it is hoped that mathematical theoretical studies will be developed, as is the case in [3] and [4], related to this special type of NSS.
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II. Fuzzy SET, SOFT SET, FUZZY SOFT SET, N-SOFT SET, BIJECTIVE SOFT SET, AND BIJECTIVE FUZZY SOFT SET

In this section, we will review some related definitions introduced in the previous article, which form the basis for the study in
this article.

Definition 2.1. [5] Let U be a set of objects. A fuzzy set (FS) A over U is defined as:
A= {(u,,u(u))| ue U},

where p : U — [0,1] is the membership function, and u(u) is the degree of membership (the membership value) of u € U in fuzzy
set A.

Definition 2.2. [1] Let U is a set of objects, P(U) is the power set of U and E is a set of attributes. The pair (F,E) is called a soft
set (SS) over U if and only if F is a function given by F: E—P (U), which can be expressed as a set of ordered pairs of the form

(F,E) = {(e1, F(e))l&; € E, F(s;) € P(U)}.
A soft set can be expressed in the form of a representation table as in Table 1. In this case He; (u=1ify € F (ej) and

,ugj(ui) =0ifu; ¢ F(sj). The SS (F, E) can be expressed as (F,E) = {(sj,{(ui, ugj(ui)) |ui € U}) lej € E}

Table 1: Representation of a soft set

(F,E) & £ & &n
U p-sl (ul) |J-£2 (ul) vee p-si (ul) vee usn (ul)
Uz ugl (uZ) IJSZ (uZ) ugi (uZ) P-en (uz)
Y He, (w) He, (w) | - ”si(uj) | Hey (w)
Up | He, W) | Mg, Un) | o | Mg (W) | e (B, (W)

Definition 2.3.[1] Let (F,A) and (G, B) be two SS. The operation AND, (F,A) AND (G, B) denoted by (F,A) A (G, B) is defined as
(H,A X B) where H(a,b) = F(a) N G(b).

Definition 2.4.[3] Let E be a set of attributes. Let (F, E) be an SS over U where F is the mapping given by F: E —» P(U). The pair (F,E) is
called a bijective soft set (BSS) over U if

1. UegegF(e) =1,
2. For any two attributes, e;, e; € E, e; # e;, then F(e;) N F(ej) = Q.

Definition 2.5.[6] Let (F, A) and (G, B) be two soft sets over U. A pair (F,A) is called a soft subset of (G, B) denoted by (F,A) €
(G, B) if

1. AcCB,

2.Ve €E,F(e) S G(e).

Definition 2.6.[3] Let U be a set of objects, X € U. Let (F, E) be a bijective soft set over U. The restricted operation AND between (F, E)
and X denoted by (F,E) Ny X is defined as

UeepiF(e)|F(e) € X} for each e € E.
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Definition 2.7.[3] Let (F,E) and (D, C) be two BSSs over U, where E 0 C = @. (F,E) is said to depend on (D, C) with a degree k,
0 < k < 1, which is denoted by y((F,E), (D, C)) if

_ Ueec(FEIRD(@)]

L T (1)
where |e| is the cardinality of a set.
If k = 1 then (F, E) is said to be fully dependent on (D, C).
If k = 0 then (F, E) is said to be completely independent of (D, C).

Definition 2.8.[3] Let U be a set of objects. Let (F,E) be a set of n BSSs (F;, E;) over U which is symbolized by N—,(F;, E;) for i,j =
1,..,nwhereVi # j,E; N E; = @. Let (G, B) is a BSS over U, with B N E; = @. ((F,E), (G, B),U) is called a BSS decision system over
U, with (F,E) and (G, B) respectively called the condition and decision of the BSS decision system over U.

Definition 2.9.[3] Let ((F,E), (G,B),U) be a BSS decision system over U, where (F,E) = N=,(F;, E;) and (F;, E;) is a BSS. The
dependence between (Fy, E;) A (Fy, E2) A .. A (Fy, Ey) and (G, B) is called the BSS decision system dependency ((F,E),(G,B),U)
denoted by y(N=1(F;, E;) , (G, B)) and defined as

B = |Upep(A\[z1 FLEDARG(®))]

I - )

Definition 2.10. [3] Let ((F,E), (G, B),U) be a BSS decision system over U where (F,E) is the set of n BSS (F;, E;) over U which is
symbolized by N, (F;, E;). v((F, E), (G, B)) is a dependency (Fy, Ey) A (Fy, E;) A ... A (Fy, Ep) on (G, B). If

Y(NZ(FL ED), (G, B)) = y(N=.(Fi, E) , (G, B)), 3)
then N%,(F;, E;) is called the reduction of the BSS decision system ((F, E),(G,B), U).
In the following, an algorithm for decision-making problems will be presented as an application of the BSS concept [3].

Algorithm:

1. Define BSS decision system (A~ (F}, E;), (Fpy1, Ens1), U).

2. Calculate the dependency of the BSS decision system (A, (F;, E;), (Fpt1, Eny1), U) based on Definition 2.9.

3. Based on Definition 2.10, determine the reduction of the BSS decision system (A7, (F;, E;), (Fn41, Ens1), U).

4. Based on the reduction of the BSS decision system (Al (F;, E;), (Fn41, Ent1), U), a decision rule is obtained.

Theorem 2.11.[3] Let (F,A) and ( G, B) be two BSS. (F,A) A(G,B) = (H,A X B) is also a BSS.

Definition 2.12.[6] Let U be a set of objects, E is a set of attributes, and A € E. A fuzzy soft set (FSS) Gy over U is a set by defining a
function g4, which can be represented in the set

Gy ={(a,9a(@®)la € A, gs(a) €1},
where g, : A— IV and 1Y is a collection of FSs over U. In this case,
9a(@ = {(w, 1 W)lu € U},
with pg : U - [0,1]. Then, it can be expressed that G, = {(a,{(u, o (W))|u € U})|a € 4}.

With this definition, an FSS can be expressed in the form of a representation table as in Table 2. In this case Ha; (u;) €0,1] is

the degree of membership of the u; associated with the parameter a;.
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Table 2: Representation of a fuzzy soft set

Gy a, a, 0o a; oo a,
0 0

U .ual(ul) .uaz(ul) oo #ai(u1) oo #an(u1)
[l 0

U, Hal (uz) ﬂaz (uz) oo .ual- (uz) oo ﬂan (uz)

W | ey (W) | Hay () | D0 | g () | D0 | ey, ()

Uy | tay W) | Hay ()| D0 pg,(un) | D00 | gy, ()

Definition 2.13. [6] Let F, and Gg are 2 FSSs over U. Operation AND, Fy AND Gg which is notated with Fy A Gy is defined as
(H,A x B) where H(a, b) = {(c, hc(c))|c € C,h(c) € IU}, withC = AX B, he(c) = {(u, ,uc(u))|u € U}. In this case p.(u) =
min(ua(u),ub(u)) ,a € Aandb € B.

Definition 2.14.[4] Given an FSS
Fy = {(a, {(u, paW)|u € U})]a € A},
over U. Let 2 € [0,1]. A A - level soft set of FSS F, is an SS (G, A) with

G,A) = {(a {(u fua(a)) |u € U}) la € A},

R P | u)zA,
where &, (a) = {3 1 #a®

In this case, §y,(a) is called a characteristic function A —level soft set of the FSS F .

Definition 2.15.[4] Let A be a set of parameters. Let (G, A) be a A - level soft set of F'SS F, over U. F, is called 1 —level bijective fuzzy
soft set if (G,A) is a BSS.
To be more concise, a A —level bijective fuzzy soft set will be called a bijective fuzzy soft set (BFSS) when A is clear.

Definition 2.16. [4] Let U be a set of objects and let 1V be a collection of FSs over U. Let Gy and Fg be two 1 —level bijective fuzzy
soft sets over U, and Hy is a combination of A —level bijective fuzzy soft set of Fy (see Definition 2.18). The restricted operation
AND between Hg and gg(b) which is denoted by Hg Ag gg(b) defined as

Ueeethp(e)|hg(e) < gp(b)} for some b € B,
with hp(e) = {(u ue(u).ful(e)) lue U}. In this case, hy(e) © gp(b) means hy(e) is a fuzzy subset of gp(h).

Definition 2.17. [4] Suppose E, and Gg are two A —level bijective fuzzy soft set over U, with ANB =0Q. Let ], =
Upep(Fa Ag gg(b)). F4 is said to depend on Gy with a degree B, 0 < < 1, denoted by y(Fy, Gg) if

Tc

p=ic @

Ta

where Te = Yoyey Dicec he(W) and Ty = Yoey Yaea ha (W) for (u, .Uc(u)) € jc(c) and (u, .Ua(u)) € fa(a).
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If B = 1 then Fy is said to be fully dependent on Gg. If § = 0 then Fj is said to be independent of Gg.

Definition 2.18 [4] Let F4 be a A -level bijective fuzzy soft set over U with
Fy = {(a, {(w, ua(W)|u € UP|a € A}.
Let (G, A) is a A —level bijective fuzzy soft set F, with
(G,A) = {(a,{(u, ful(a)) |u € U}) la € A}.
The combination of A —level bijective fuzzy soft set of F, denoted by H, is defined as:

H, = {(a,H(a))la € A},

with H(a) = {(u, ua(u).ful(e)) |u e U}.
From Definition 2.18 above it is clear that H, is an FSS.

Definition 2.19.[4] Let (Fg, Gg, U) be a A — level bijective fuzzy soft set decision system over U, where Fg is a set of A- level bijective
fuzzy soft sets FL-Eiover U symbolized with /\?leiEifor i=1,.,n Letl, = FlE1 A FZEZ A A FnEn and let Hp be the combination A -

level bijective fuzzy soft set of Ip. Let J; = Upeg(Hp A gg(b)). The dependency between I, = F1E1 A FZEZ A..NE

e, and Gg is

called A - level bijective fuzzy soft set decision system dependency (Fg, Gg, U) which is notated with y (I, Gg) and defined as

Ky =L ()

where Ty = Yyey Leer He (W) and Tp = Yyey Xaep ha(W) for (u, He (U)) € jg(e), and (u, #d(u)) € hp(d).

Definition 2.20.[4] Let (Fg, Gg, U) be a decision system of A - level bijective fuzzy soft set where Fy is a set of A-level bijective fuzzy soft
sets Fy, over U symbolized by Ni_, F;,_fori =1,..,n.y(N,F;, , Gg)

is dependency Fig Ao A By of Gg. If
V(N Fiy, Gs) = V(N1 Fig  G), (©)
then /\’iﬁlFiEi is called reduction of decision system of A — level bijective soft set (Fg, Gg, U).
In the following, an algorithm for decision-making problems will be given as an application of the BFSS concept [4].
Algorithms:
1. Define A-level bijective fuzzy soft set decision system (/\?lel-Ei, Fn+1En+1' ).
2. Calculate the dependency of the bijective fuzzy soft set decision system (/\?leiEi, Fniq — U) based on Definition 2.19.
3. Based on Definition 2.20, determine the reduction of the bijective fuzzy soft set decision system
(NrFig s Frsag,, o U):
4. Based on the reduction of the bijective fuzzy soft set decision system (/\?lel-Ei, Friig, U), it is obtained a decision rule.

Definition 2.21. [2] Let U be a set of objects and E is a set of attributes and, A C E. Let R = {0,1,2, ..., N — 1} is a set of grades or
rating where N € {2,3,4,....}. An (F,A,N) is called an N-soft set (NSS) over U, if F: A — 2Y*R, with the property that for each a; € A,

there is exactly one (u;, 1y, (uj)) € U X R such that (uj,rai (u]-)) € F(a;),u; €U, rai(uj) €R.

The following is the representation table of an N-soft set, as in Table 3.
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Table 3: Representation of an n- soft set (F, 4, N)

(F,AN) a, a, . ag
Uy Ta, (W) | 7o, (uy) | Taq (wy)
U; ral (uz) raz (uz) raq (uZ)
u, o, (up) | e, (up) |- Tag (up)

Definition 2.22. Let (F, A, N;) and (G, B, N,) be two NSSs. Operation AND, (F, A, N;) AND (G, B, N,) which is notated with (F, A, N;) A
(G, B, N,) is defined as (H, A X B, min(Ny, N,)) where for each ¢ = (a,b) € A X B and u € U applies,

(u, rc(u)) EH(c) e r(u) = min(ra(u),rb (u)),
for (u, rc(u)) € F(a), and (u, T (u)) € G(b).
III. RESULT AND DISCUSSION

In this section, one case will be given that can be represented as a form of NSS. Next, referring to the construction of BSS and
BFSS and related decision-making algorithms, from this case, we will analyze whether an NSS can be constructed into a special
type so that the decision-making process, as in the case of BSS or BFSS, can also be applied to NSS.

In this case, the authors do not explain in detail the technicalities and accuracy in obtaining data because this, of course, requires
separate and in-depth research involving experts in the field under study. Therefore, the data, in this case, is only illustrative.

Case. A government agency/institution conducts research on villages to find out what attributes affect the education index of a village.
Let U = {uy, uy, U3, Uy, Us, Ug} is the collection of villages in an area. Let A = A; U A, U A3 U A, is a set which is a combination of
four sets of attributes, namely A4, 4,, A3 and A,. A; represents the set of attributes in the form of the level of health services at a; =
clinics, a, = puskesmas and a; = hospitals. A, states the set of attributes in the form of the level of ease of access to education to
b; = SD, b, = SMP and b; = SMA. A; states the set of attributes in the form of categorizing the village economy into ¢; = family
economy, ¢, = village budget and c; = village fund allocation. A, represents the set of attributes d; = high, d, = low, which
categorizes the education index in the village. Furthermore, a ranking will be given to each village for each attribute in A, 4, and
A based on the assessment predicate defined by the expert with the following conditions:

1. ”’5” means very good predicate.
”4” means good predicate.
”3” means fairly good predicate.

2 means bad predicate.

A

”1” means very bad predicate.

In relation to the set A,, a rating is given to each village for each attribute in the A, based on the assessment predicate defined
by the expert with the following provisions:

a) The village education index (u) is said to be high if the village education index is more than 0.5 by category.
1. 75 for index 0.9 < x < 1.0.
2. 74 for index 0.8 < x < 0.9.

3. ”3” forindex 0.7 < x < 0.8.
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4. 2” forindex 0.6 < x < 0.7.
5. ”1” forindex 0.5 < x < 0.6.
b) The village education index (u) is said to be low if the village education index is less than 0.5 with the category.
1. ”5” for index 0.0 < x < 0.1.
2. 74 forindex 0.1 < x < 0.2.
3. 73” forindex 0.2 < x < 0.3.
4. 72” forindex 0.3 < x < 0.4.
5. ”1” forindex 0.4 < x < 0.5.

The definition of the assessment standard is fully determined by the expert. Based on the assessment results from the
expert, for example, the grade or rating is obtained from each object for each set of, and it is presented as an N-soft set in Table 4,
Table 5, Table 6, and Table 7, respectively.

Table 4:  (F;,44,6)

(F1,A1,6) | a1 | az| as
Uy 2 5 2
U, 1 2 3
Us 5 2 2
Uy 2 1 3
Us 2 | 4 2
Ug 2 |2 3

Table 5: (F,, 4,,6)

(F2,42,6) | by | by | by
Uy 312 1
U, 2 2 5
Us 2 | 4 2
Uy 2 3 2
Us 2 |2 4
Ug 312 2
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Table 6: (F3,43,6)

(F3,43,6) | c1| ¢2| €3
Uq 311 2
U, 1| 4 2
Us 3] 2 2
Uy 2|1 5
Us 41 2 2
Ug 3] 1 2

Table 7: (F,, A4, 5)

(Fy, Ay,5) | dy| d,
Uy 0 3
u, 4 0
Us 0 4
Uy 4 0
Us 3 0
Ug 0 3

Furthermore, if Table 4, Table 5 and Table 6 only consider grades that are more than or equal to 3, we will get Table 8, Table 9
and Table 10. If we observe the distribution of grades in these tables, it can be seen that each object is only associated with one
particular attribute, because there is only one grade in each row that is more than zero, and there is no object that is not associated

with an attribute/column (at least related to one object). The same thing also happened in Table 7.

On the other hand, if we pay attention to Definition 2.4 regarding BSS and Definition 2.15 regarding BFSS, it will be seen that
the distribution of data in Table 8, Table 9 and Table 10 will be "similar" to the distribution of data in BSS and BFSS, but in the
case of NSS. This becomes interesting because, with these conditions, there will be opportunities to expand or generalize the study
of BSS and BFSS in the context of NSS. So that further, we can do a study in this case, what if the decision-making algorithms that
exist in the previous BSS and BFSS concepts, we apply to this case, but adapted to the NSS definition. To realize this step, consider

the following calculation process.

Table 8: (F;,A4,6)

(F,A1,6) | aq | ap | a3
Uy 0 5 0
U, 0o 10 3
U S 0 0
Uy o |0 3
Us 0o 4 0
Ug o |0 3
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Table 9: (F,, A4,, 6)

(F2,42,6) | by | by | b3
Uy 3 0 0
u, 0 0 5
Uz 0 4 0
Uy 0 3 0
Us 0 0 4
Ug 3 0 0

Table 10: (F3,A5,6)

(F3,43,6) | c1 | ¢ | €3
Uy 30 0
Uy 0 4 0
Uz 3.0 0
Uy 0 P 5
Us 400 0
Ug 30 0

Table 11: (F4, A4, 5)

(Fa A4y 5)

dy

Uy

Uy

BT S B S

First of all, construction (A, (F;, A;, N), (F4, A4, 5),U) as a decision system on the N-soft set where A3_, (F;, 4;, N) is called
the condition of the 6-soft set decision system and (F,, A4, 5) is called the decision of 6-soft set decision system.

Next, in a manner similar to Definition 2.9 for BSS or Definition 2.19 for BFSS, calculate dependency A3_, (F;, A;, N) with
(F4, Ay, 5), which is symbolized by y (A3, (F;, A;, N), (F4, A4, 5)), using the AND operation on NSS. The results can be seen in the

Table 12.
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Table 12: Dependency A2, (F;, A;, N) with (F,, Ay, 5)

Y (N1 (Fy A N, (Fy, Ay, 5) a
¥ ((F1, 41, 6), (Fy, Ay, 5)) 0
¥ ((F2, A3, 6), (Fy, Ay, 5)) 0.2727
v((F3,45,6), (F,, Ay, 5)) 0.1904
Y((F1, A1, 6) A (Fy, Az, 6), (Fy, Ay, 5)) 0.8
Y((F1, A1, 6) A (F3, A3, 6), (Fy, As) 5)) 0.7058
Y ((Fz, Az, 6) A (F3,A3,6), (Fy, Ay, 5)) 1
Y ((F1, A1, 6) A (Fy, Az, 6) A (F3, A3, 6), (Fy, Ay, 5)) 1

From Table 12, it is obtained, y ((F,, A3, 6) A (F3,43,6), (Fy, A4, 5))=y((F1, A1, 6) A (Fy, Ay, 6) A (F3,A5,6), (F,, Ay, 5)) = 1.
If we apply Definition 2.10 or Definition 2.20 in the context of NSS, we say that (F,, A, 6) and (F3, A3, 6) are reductions of the N-
soft set decision system y (A3, (F;, A;, N), (F4, A4, 5)). This means that the attributes that affect the village education index are the
accessibility and the village economic level.

Furthermore, based on the distribution of the data (note the nonzero grade and the corresponding attributes) in Table 9, Table
10 and Table 11, it is obtained that the attributes that affect the decision attributes in A, are the attributes in A, and As. So that from
the pattern of data distribution, a description of the conditions of each village is obtained, with the following details:

1. If the accessibility to SD (Elementary School) is fairly good and the family's economy is fairly good, the education
index is low.

2. If the accessibility to SMA (Senior High School) is very good and the village budget is good, then the higher
education index is high.

3. Ifthe accessibility to SMP (Junior High School) is good and the family economy is fairly good, the education index
is low.

4. If the accessibility to SMP (Junior High School) is fairly good and the allocation of village funds is very good, then
the education index is high.

5. If the accessibility to SMA (Senior high school) is good and the family economy is good, then the education index
is high.
6. If the accessibility to SD (Elementary School) is fairly good and the family economy is fairly good, the education

index is low.

From this illustration of the case on the NSS, it is possible that the concept of BSS or BFSS can be applied and developed in the
NSS which is a generalization of the SS as described by Fatimah et al. [2]. Therefore, from the study results, in this case, there will
be opportunities for mathematical theoretical studies about NSS related to the general concepts of BSS and BFSS in articles [3] and

[4].
IV. CONCLUSION

This study confirmed that a decision-making algorithm that applies the bijective soft set concept or the bijective fuzzy soft set
concept could be applied to the N-soft set concept by adjusting the operations on the N-soft set.
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