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Abstract — This paper presents an approach through the bargaining game theory on the capacity sharing in a queue with processor sharing
discipline. It has a brief review of such a type of queue and the Nash bargaining solution. It demonstrates the feasibility of insensitive and
balanced sharing. It also proves that sharing is not insensitive and balanced if the notion of priority is integrated in the queue.
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I. INTRODUCTION

The processor sharing is a limit of the Round-Robin scheduling when the time step tends towards 0. It knows a great success
because it shares all available resources across customers. The term queue has become a misnomer because in reality there is no
more queue training, all arriving customers are immediately served with part of the system's resources [1]. Many authors have
studied this kind of queue discipline, especially its insensitive characteristic to the customer's arrival distribution or their service
distribution [1][2][3][4].

What interests us in this paper is rather how to share the available resources to customers. We already focused on resource
sharing even they are discrete [5] or fractional [6] but here we based the sharing on game theory, which is a very interesting field
to study or even to predict the outcome of a conflict situation such as the sharing of resources in a processor sharing queue. We
assimilate the resource sharing as a bargaining issue between customers in the queue.

II. PROCESSOR SHARING QUEUE
A. Description

The “Processor Sharing” (PS) service discipline is a discipline that simultaneously shares capacity of a server among all clients
requesting services from that server.

A queue that adopts this discipline to schedule its clients is called a processor sharing queue or simply a PS queue. Thus, for fair
sharing, at time t a customer is served at speed C / X (t) if X (t) customers are present in a PS queue with capacity C.

A queueing network is said to processor sharing if all of the queues in this network are PS queues. A network of PS queues can
therefore be interpreted as a network of queues where each i-th PS queue has a capacity ¢, (x) which may depend on the number x

of customers in the network.
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The network state x is a vector which components are the number of customers at each node of the network : x = (Xl, Xy Xy )

where X; is the number of customers at the node i.

We call ¢, (x) the capacity allocation at state x. It is assumed that the services cannot be interrupted, ie it is supposed that if

X, >0 then ¢ (x)>0 foralli.

Arrivals on node i is a Poisson process with intensity 4 . Customers service durations of the queue i at node i are independent

and identically distributed following exponential distribution with average 1/ ;.
B. Balance and insensitivity

Let's consider a queueing network of n queues (n ell *) where each queue i has a capacity ¢, (x) depending to the network

state x. Capacities of such network are called balanced if :
(oi(x)(pj(x—ei)=(pj(x)(pi(x—ej), i,j=1..n 1)
where e; denotes a vector whose i-th component is 1 and the others are all zero.

This equality in (1) states that the change in the allocation to queue i when a customer in queue j leaves its queue is identical to the
change in the allocation to queue j when a customer in queue i also leaves its queue.

Considering a direct path from state x to 0, <x, X—€ ., X8 —...—€ I,0> , which has a length ¢ where ¢ =X +...+ X, is the

total number of customers in a state x. We define a balance function @ expressed by [7] :

®(x)= 1

= 2
o, (x)o, (x—eil )...goic (X—eil —eim) @

The balance property requires that the balance function is independent of the path from state x to state 0. The capacities ¢, (x) ,

for all i, are characterized by the balance function @ :
o (x)=—gr— 3)

We say that the capacities are balanced by the function ®.

The stationary distribution 7 (x) of the number of customers in the network can be expressed from this balance function by the

relation:

#(x)=Ko(x)[] (iJ )

H;
where K is a normalization constant according to the probabilistic definition of function 7 .

We see that this function does not depend on the distribution of customers' arrival nor their service requests but only by their
averages. In this case, we say that the network is said to be insensitive. [1][3][8][9]

ITI. BARGAINING GAME
A. Description of a bargaining game

People are now faced with such a set of alternatives that their preferences are in conflict. Among them, one can serve as a
reference that we will call the status quo or point of disagreement, but of course, there are other preferences that can give more than
the status quo. There is potentially an interest in not just starting a negotiation which should lead to a consensus on a particular
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alternative. It is an alternative that gives more to that person but to the detriment of others. Two cases can arise: Either the negotiation
is successful, or the opposite and in this case, the status quo is maintained. This point plays a role of threat for these people. This
kind of game is called a bargaining game, which is one branch of game theory.

Nash described a solution that predicts the outcome of such bargaining.

B. A bargaining problem

A bargaining problem is defined by the couple (U ,d ) where d eU and U a subset of 0 " satisfying the following properties:

- Uis convex and closed

- Uisbounded: 30 e " suchas u, <T, foralli=1 ton and forall uofU.
- dis dominated in the sense of Pareto : 3u €U suchas u, >d; foralli=1ton

U is nonempty because it contains at least the point of disagreement or the status quo. The convexity of U reflects the fact that
the set of alternatives is a continuum and that the players do not have a disposition for risk. U bounded guarantees a limit on players'
gain, and Pareto dominance invokes that potential gain really exists.

A solution to this bargaining problem is a rule described by a function f such that any bargaining problem (U, d) associates the
element U = f(U,d) of the set U. T; = f,(U,d) where f; defines the utility level for each i.

The solutions to this bargaining problem must meet certain conditions. [10]
C. Nash solution
Nash's solution is based on axioms which lead to the uniqueness of the solution. This corresponds to the maximization of the

function f(u) on the set U :

fW=[T(u-0,)" (5)

where @, denotes an eventual weight for a player i of the bargaining.

This function is continuous over a compact set, so the solution exists. The uniqueness is that the set U is convex and the function
f is strictly concave, which results in contour curves that are strictly convex with respect to the origin. [11]

IV. RESOURCE BARGAINING IN A PS QUEUE
A. Game formulation

Let's study the case of a single server of PS queue. Customers in this queue are divided into customer class numbered from 1
to n. This queue can be assimilated to n parallel queues, each queue i of which serves a class i of customers. At any time, each queue

s A

i serves X customers and the system state is the vector x = (X, X,,....X, ).
The entire system then hosts |x| customers where |x| denotes the sum of all the components of the vector x.

The sum of the individual capacities ¢, (x) of each queue i depending on the state x of the system is therefore equal to the total

capacity C available for the system :
2o(x)=C (6)

For each queue 1, the available resource ¢, (x) is shared equally between the X, customers. Then, the available resource for a

class i customer is:
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(N

We are going to model this PS queues network to a game in which the players are the customers of the network who bargain the

available resources on the entire network. Each queue i has the utility function f (@ (x)) .

B. Solution of the bargaining problem

The solution of this bargaining problem is :
n
argmax, Z x.f (o)
i=l

n ®)
under constraint : Z ¢ =C

i=l
The term X,.f (¢,) denotes that the utility on queue i is common to all X; customers, and the overall utility is calculated across
all of those customers.

This leads to a convex optimization problem, and the resolution uses Lagrange multipliers with Karush — Kuhn — Tucker (KKT)
conditions. The associated function to find the Lagrange multipliers is given by:

L (X,A)zixi.f(goi)+i.(zn:(pi—CJ 9)

The utility function f can be chosen so that the resulting solution is equal to Nash's solution with the origin as the point of
disagreement. In this case, it suffices to use a logarithm function:

f(?i):a’i'l()g(%) (10)

The choice of this function derives from the efficiency function which gives the proportion of capacity obtained by queue i
compared to the total capacity of the system C: log ( o, ) /log (C) .The term @, denotes a weight of each customer class i.

The associated Lagrange function is therefore:

Xi.a),.log(goi)+/1.(zn:(pi—Cj (11)

i=1

L (x,ﬂ)z_

n
i=1

Among the KKT conditions, for all k, we have:

X, .0,

——=+1=0 (12)
12
Then:
@ X
X0 _ A Vi#j
b ?;
(13)
and 2@ =C
i=1
Solving this system of equations shows that the capacity that must be allocated to queue i is:
X, @
n(x) =% c (19

- :
hRAZS
k=1

Vol. 29 No. 1 October 2021 ISSN: 2509-0119 561



Nash Bargaining on a Processor Sharing Queue

At first glance, this is a kind of allocation proportional to the number of customers in each queue and the weights assigned to
each queue.

C. Balance and insensitivity

According to the capacity allocated to each queue in (14), we have:

goi(x)z—nxiw' C (15)
Z;Xka)k
0(x)-22c 19

=— .
zxka)k
k=1

ls-e )= X c &
(kaka)kj—a)j

0, (x—¢) =1 C (1)
(kz_;xka’kJ_a’i

The balance equation (1) gives us:

1 _ 1 19

Ffe e

This equality is true if and only if @ = o, for all i #j.

That is, we must assign the same weight to all queues to have a balanced and insensitive system. In other words, this shows that
the fact of endowing the system with the notion of priority on the basis of weights removes its characteristic of balance and
insensitivity.

Of course, more resources must always be allocated to the higher priority class queue and the notion of balance defined in the
second paragraph will no longer be maintained.

D. Stationary distribution
In the following, we will study a balanced and insensitive system, with a capacity of each queue equal to:

o (x)=——C=2C (20)

S, N

We have:
o (x) =) X ¢ 1)
Therefore:

(22)

Vol. 29 No. 1 October 2021 ISSN: 2509-0119 562



Nash Bargaining on a Processor Sharing Queue

D(x—e )=D(x—2¢ ) ——— 2
(x=e)=(x=2¢)7 (23)
@(x_xiei):q>(x_(xi+1)ei)|"|% (24)
Thus:
X|...( x| — X,
q)(x):(b(x‘xiei)| |C(>!i |x.' ) (25)
Doing the same for all i, we have:
!
o (x)=0(0) [l (26)
CM(x1..x )]
And the stationary distribution follows:
IS 27
7(x)= CM(x L, !)'1;['0i @D

where K is a normalization constant obtained from the probabilistic definition of 7 : Z;r =1, and p, =— is the traffic intensity

at queue I.
V. CONCLUSION
The bargaining game theory approach discussed in this work has allowed us to share the resources of a processor sharing queue.

This method with Nash's solution allowed us to find out how to share these resources across classes of customers. This approach
also allowed us to demonstrate that the notion of priority in the PS queue makes it lose the notion of insensitivity and balance in
terms of sharing this resource.
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