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Abstract—Interval Valued Bipolar Neutrosophic Hesitant Fuzzy Sets (IVBNHFS) can express complex multi-attribute decision-making
(MADM) problems with its interval valued, bipolar, neutrosophic, and hesitant fuzzy elements simultaneously. The two weighted
operators, average and geometric, are accustomed aggregation operator method for handling MADM problems. However, we give the
Interval Valued Bipolar Neutrosophic Hesitant Fuzzy Weighted Average (IVBNHFWA) and Interval Valued Bipolar Neutrosophic
Hesitant Fuzzy Weighted Geometric IVBNHFWG) operators to aggregate the IVBNHFS and their properties are also discussed in detail.
Occasionally, we predestined a MADM method based on the IVBNHFWA and IVBNHFWG operators. Finally, this paper provides an
illustrative numerical example of a case study of MADM to authenticate the application and effectiveness of the proposed approaches.
Also, we give a comparative study with the existing methods.

Keywords—Interval Valued Bipolar Neutrosophic Hesitant Fuzzy Set (IVBNHFS); Weighted Average (WA) operator; Weighted Geometric
(WG) operator, Multi-Attribute Decision-Making (MADM), Score functions, Decision making.

I. INTRODUCTION

The aim of this paper is to develop a new method for Multi-Attribute Decision-Making (MADM) under an Interval Valued Bipolar
Neutrosophic Hesitant Fuzzy (IVBNHF) environment. The MADM is a common approach [1-7] to help decision makers to find the
most desirable alternative from some possible choices.

To deal with MADM, Fuzzy Set (FS) [8] is given officially by Zadeh in 1965. On basis of Zadeh’s work, Intuitionistic Fuzzy
Set (IFS) [9], Neutrosophic set (NS) [10], Bipolar Fuzzy Sets (BFS) [11], Hesitant Fuzzy Set (HFS) [12], Hesitant Neutrosophic Sets
(HNS) [13], have been proposed and applied in handling with various uncertain problems in decision making. Therefore, many
researchers studied decision making with neutrosophic theory in many fields: multi-attribute decision-making (MADM) [1-7], multi-
criteria decision-making (MCDM) [14-21], and other types of decision making [22-34]. In the practical decision-making application,
it is important to use various techniques to aggregate information [35-36]. The one of the effective techniques to aggregate data in
the information fusion process is the aggregation operators [5], [17], [25], [35]. Recently, Ramaroson and al. [37] adopted Interval
Valued Bipolar Neutrosophic Hesitant Fuzzy Sets (IVBNHFS) [37]. Therefore, it is necessary to develop some Interval Valued
Bipolar Neutrosophic Hesitant Fuzzy Sets operators in MADM problem. Thus, the purposes of this article are to (i) introduce the
Weighted Average (WA) and Geometric Average (WG) operators into [VBNHFS in MADM, (ii) propose an Interval Valued Bipolar
Neutrosophic Hesitant Fuzzy Weighted Average IVBNHFWA) operator and an Interval Valued Bipolar Neutrosophic Hesitant
Fuzzy Weighted Geometric (IVBNHFWG) operator (iii) establish MADM strategies based on the IVBNHFWA or IVBNHFWG
operators under [IVBNHF environment.

So, the remainder of this paper is coordinated as follows: Section II reviews some essential ideas related to the Interval Valued
Bipolar Neutrosophic Sets (IVBNHFS) ; In Section III, the IVBNHFWA and IVBNHFWG operators are put forward and basic
properties of them are discussed; In Section IV, we put forward MADM methods based on the weighted operators IVBNHFWA and
IVBNHFWG) under IVBNHF information; Section V uses an illustrative example to approve the proposed MADM approaches. In
Section VI, we make a comparative analysis with the Deli’s method [38]. At last in Section VI, conclusion and future perspectives
are presented.
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II. MATHEMATICAL PRELIMINARIES

In this section, some basic concepts (properties, operation law, theorem and example) of Interval Valued Bipolar Neutrosophic
Hesitant Fuzzy Sets (IVBNHEFS) are recalled.

Definition 2.1. (IVBNHFS) [37] Assume X is a nonempty finite set, an [IVBNHFS P on X is defined as:
P = {{x, t7(x),i"(x), fF(0), £~ (), i (x), f~ ()| x € X}
P = {{x, t*(x),i*(x), fT(x), 7 (x),i" (x), fT(x))| x € X} (D
Where tt(x) ={ytlyt ett()},iT(x) = {6767 €it(x)}, ft*(x) ={nTInt € f*(x)} are positive three membership
functions expressed by a few closed intervals in the real unit interval [0,1] which represent the truth positive membership hesitant
degree, indeterminacy positive membership hesitant degree and falsity positive membership hesitant degree and meet the following
conditions:

y* = v vgl €l01],8* = [6,65] € [0,1],n* = [nf,n5] € [0,1]

0 < supy™* + supéd™* + supn™* < 3
where y™ = Uy +e tymaxy™, 6™ = Ugs+ei+xymax St and n™F = U+ p+( maxn*.
And t™(x) ={y Iy et ()}Li () =676 €i~(x), f~(x) ={n"|n" € f~(x)} are negative three membership functions
expressed by a few closed intervals in the real unit interval [—1,0] which represent the truth negative membership hesitant degree,
indeterminacy negative membership hesitant degree and falsity negative membership hesitant degree and meet the following
conditions:

Y~ = v, vgl €[-1,01,6™ =[61,65] € [-1,0],n™ = [n,my] € [-1,0]

=3 < supy™ + supéd™ + supn™ <0

where y™™ = Uy-¢ i-gmaxy ™, 8™ = Us-¢i-(ymaxd-and ™ = Uy-¢ p-(x) maxn .

Example 2.2.
Let X = {x4, x5, X3, x4}. Then:

{{[0.5, 0.6]}, {[0-2, 0.3], [0.3, 0.4], [0.4, 0.5]}, {[0.1, 0.2], [0.2, 0.3], [0.3, 0.4], [0.4, 0.5], [0.5, 0.6]},
G 0.2, —0.11, {[~0.6, —0.5], [—0.5, —0.4], [=0.4,—0.3], [-0.3, —~0.2]}, {[~0.4,—0.3]}}
{{[0.3,0.4], [0.4,0.5], [0.5,0.6], [0.6,0.7], [0.7,0.8], [0.8,0.9]}, {[0.1,0.2], [0.2,0.3], [0.3,0.4], [0-4,0.5]}
(x,, (,{[0.2,0.3], [0.3,0.4], [0.4,0.5]}, {[~0.8, —0.7]}, {[0.5, —0.4], [ 0.4, —0.3], [=0.3, —0.2], [=0.2, —0.1]},))
{[~0.4,—0.3], [-0.3, —0.2], [-0.2, —0.1]}}
{{[0.1,0.2],[0.2,0.3], [0.3, 0.4], [0.4, 0.5], [0.5, 0.6]}, {[0.1,0.2], [0.2, 0.3], [0.3, 0.4], [0.4, 0.5]}, {[0.1, 0.2]}
(s, { ,{[~0.5,—0.4], [=0.4, —0.3], [<0.3, —0.2]}, {[=0.7, —0.6], [~ 0.6, —0.5], [0.5, —0.4], [~0.4, —0.3]}, )
{[~0.4,—0.3],[-0.3, —0.2]}}
{{[02,0.3], [0.3,0.4], [0.4,0.5], [0.5,0.6]}, {[0.1,0.2], [0.2,0.3], [0.3,0.4], [0.4,0.5]3, {[0.3,0.4]},
L &0 {04, -03], [~0.3, —0.21}, {[0.7, —0.6], [~0.6, —0.5], [~0.5, ~0.4], [~0.4, —0.3]}, { [~0.3,~0.2]3} ) )
is an IVBNHFS in X.

Theorem 2.3.

An IVBNHEFS is a generalization of Interval Bipolar Neutrosophic Fuzzy Sets (IBNFS).

Proof.

Assume that the number of elements in each y*, §*, n*,y~, 67, and 1~ is one, then IVBNHFS is reduce to IBNFS. o

Definition 2.4. (IVBNHFS Properties) [37] Let A = ([t tial, lifa it al, U fifal, ia toal, liza igal, Ufias fual), and
B = <[tZrB' tlJJrB], [L'Z—B' il_']—B]’ [th?thB]: [tL_B: tEB]' [i[B' L'EB]' [fLI?'fU_B]) ; be two IVBNHFS:
e the complement of an IVBNHFS A4, ACand is defined by:
1- YITA(X)' 1- YJA(x)]l

[
[1—800),1- 5LJ?A(x)],

c _ [1- UZA(x): 1- TI;A(-X)];
A*=Upreet, syeifnfert, ( [—1 =y, 00, 1 — y5400], 2

VASTA CASTAIACTA | 11 sp,(0),—1 = 85,(0)],

[=1 =722 (), =1 = nya(x)]

e the intersection of a two IVBNHFS A and B, A N B is defined by:
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ANB=U viet,
Ya€ty,
Ye € tg,
YgEtg,

AUB=U},:{

Example 2.5.
Let Aand B

A=

B =

are two IVBNHFEs, then:

® the complement of A and B are:

e the intersection of Aand B, AN B is:

the union of a two IVBNHFS A4 and B, A U B is defined by:

eth, steilntert
Ya€ty
Y5 €t
YpEtg

A Vi) AYVGa YR,
[V(8{a, 61), V(854 8581,
Vianis) s VOianis )l
[/\(VL_AJ VL_B) ) /\(VEAJ ]/I;B)]'

' [V(6EA' 6L_B)t V((SJA: 6178)]:
(Vi 128) » V(ganus) 1

sieifniert @
SH €l My € fo
steig.npefg,
Sp€ipMp € fp

Vi vis) VO Ta vis))
[A(Sfa 818) s A8 as 85581,
[AMLaniB)  AGamis) 1,
Vria vie) , Vua Yus)l,

A6z, 615) , N8y a, Syp)],
\ (AMzam28) » ANMgamus) 1

4)
Sa€ignz€ fa,
seifngerd,
Sg€Eig, Mg € fg

{{[0.5,0.6]},
{[0.2,0.3],0.3,0.4]3,
{[0.1,0.2],[0.2,0.3]},

{[-0.2,—0.1]},
{[-0.6,—0.5], [-0.5, —0.4]},
{[-0.4,—0.3]}}

{{[0.4,0.5]},
{[0.3,0.4],[0.4,0.5]3},
{[0.2,0.3],0.3,0.4], [0.4,0.5]},
{[-0.1,0]3,
{[-0.5,—0.4]3,

{[-0.5, —0.4]}}

)

( )

{{[0.5,0.4]},
{[0.8,0.7],[0.7,0.613},
{[0.9,0.8],[0.8,0.7]},

{[-0.8,—0.9]},
{[-0.4,—0.5],[—0.5,—0.6]},
{[-0.6,—0.7]}}

A€ = )

{{[0.6,0.5]},
{[0.7,0.6],[0.6,0.5]3,
[0.8,0.7],[0.7,0.6], [0.6, 0.5]},
{[-0.9,-1]},
{[-0.5,-0.6]},
{[-0.5,—0.6]}}

BC=({ )
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{{[0.4,0.5]},
{[0.3,0.4],[0.4,0.5]},
_{[0.2,0.3],[0.3,0.4],[0.4,0.5]},
= {[-0.2,-0.1]3},
{[-0.5,-0.4]3},
{[-0.4,—0.3]}}

ANB )

® theunionofAand B,A U B is:

{{[0.5,0.6]},
{[0.2,0.3],[0.3,0.4]3,
{[0.1,0.2],[0.2,0.3]},

{[-0.1,-0]},

{[-0.6,—0.5],[—0.5,—0.4]3},
{[-0.5,-0.4]}}

AUB =( )

Definition 2.6. (IVBNHFS Operations) [37]
Let A = ([t tyal, [ifa, igal, Uia fuals [toa toal ipa, ival, [fias foal), and
B = <[tL+Bv tJB], [iZB' i:;B], [fLE'fJB]: [tL_B» tL_IB]: [iL_Bv il_lB]: [fL_B'fU_BD ; be two IVBNHFS:
e the sum algebraic is defined as follows:
( vifa + ¥is — ViaYie Yia + Yie — YiaYisl
(614015, 654008,
[nZanis nanG5), )
[=YLaYie —YuaYusl,
[—(=60a—01p — 614618), —(—8ya—Sup — Syabyp)),
[—(=na=n18 — Nianie), —(=NMua—Nus — Nuanus)],

ADB =U teet steitntest
Ya€ta Sz€igna€ 7,
vEeth, sheip.ngerd,
V5Ety, Sp€ignpe fz

e the product is defined as follows:
[viaYie Yiavisl,
(614 + 61 — 614615, 8 + 855 — 85a0is],

A® B= Uyt gteitntert (M4 + Ml — Nianie Nia + Mis — NGanisl, (6)
tt, eit, nteft, — - - - _ T
Ya £t s WA CIar ) [—(=yia=Viz — ViaVis) —(—Via=Yis — YuaYis)l,
Ya€ty, 83€i,na€ f], S 8.8
Vi etk sheitnfest, [=6140L5, —0uabusl, )
Y5E€tg, S5 €ig M€ f5 [=7MLanLe, —NuaNus]

e when A > 0, the scalar multiplication of A is A4, and is defined as follows:
[1-Q-vidh 1= =y

[(62;4)1' (6;A)A]'
[(WZA)A, (UJA)A]:

AA=Uytees sjeigmgest) [~ (vt =(=van?], ( )
1€ty 87€iaNa€ f1
Ya€ta 04€14 T, A [_ (1 _ (1 _ (_5[,_,4))1),_(1 _ (1 _ (—5,:4))&)],
2 yl
[-(1- (= m)), - (- (= ) )]
e when A >0, the power multiplication of A is A%, and is defined as follows:
( [(VZ-A)A; (VJA)A] )
[1-=6t041-1-650%

[1-Q=nidh1 - —-ni)’], ®

>

A)‘=U+ +osteit gt f+.< A A
mekdaandE|-a-a- E_M) )=(1- (111— rin))]
—(=0.)" —(=8ya)

[— (_771;4)/1, - (_771_/,4)'1]
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Example 2.7.

Let Aand B
{{[0.5,0.6]},
{[0.2,0.3],[0.3,0.4]3,
{[0.1,0.2],[0.2,0.3]},
{[-0.2,-0.1]3},
{[-0.6,—0.5]},
{[-0.4,-0.3]}}

{{[0.4,0.5]},
{[0.3,0.4],[0.4,0.5]},
{[0.2,0.3],0.3,0.4], [0.4, 0.5]},

A= )

B={ {[~0.1, 0}, )
{[-0.5, —0.4]},
{[-0.5,—-0.4]}}
are two IVBNHFEs, then:
e the sum algebraic is defined as follows:
{{[0.7,0.8]},

{[0.06,0.12],[0.08,0.15],[0.09, 0.16],[0.12, 0.2]},
B - {[0.02,0.06], [0.03,0.08], [0.04, 0.1],[0.04, 0.09], [0.06, 0.12],[0.08, 0.15]},
OB =( {[-0.02, 0]}, )
{[-0.8,-0.7]},
{[-0.7,—0.58]}}

A

e the product is defined as follows:

{{{0.2,0.3]},
{[0.44,0.58],[0.5,0.7],[0.5,0.6],[0.6,0.7]},
B {[0.28,0.44],[0.4,0.5],[0.5,0.6], [0.36,0.51], [0.4, 0.6], [0.5, 0.7},
= {[-0.3,-0.1]},
{[-0.3,-0.2]3,
{[-0.2,—0.12]}}

A® )

e when A = 0.5, the scalar multiplication of 4 is 0.54, and is defined as follows:

{{]0.293,0.225]3},
{[0.447,0.548],]0.548,0.632]},

( {[0.316,0.447],[0.447, 0.548]},)
{(—0.2,-0.133,
{{—0.632,-0.707]3,
{[-0.775,—-0.837]}}

e when A = 0.5, the power multiplication of A is A%, and is defined as follows:

0.54 =

{{[0.707,0.775]},
{[0.106,0.163],[0.163, 0.225]},
{[0.053,0.106], [0.106, 0.163]},

{[-0.106,—0.0511},
{[-0.775,—-0.71]},
{[-0.632,—0.55]}}

05 = )
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III. PROPOSED AGGREGATION OPERATOR METHOD FOR IVBNHFS
We propose two weighted operators for [VBNHFS.

Definition 3.1. (IVBNHFWA Operator)

Let A; = ([tity, tha;) [itajs ia) [filjs fous) [tiags tuajl [izajs ivas) finjs foaj]), be a family of Interval Valued Bipolar
Neutrosophic Hesitant Fuzzy Elements (IVBNHFES).

A mapping IVBNHFWA,,: H, — H is called Interval Valued Bipolar Neutrosophic Hesitant Fuzzy Weighted Average
(IVBNHFW A) operator if it satisfies:

IVBNHFWA(U(AZHZSPAZHZSZ:'"!AZHZSn) = Z?:l ijZstj ©)
n n
wj wj
= U pelfe—mma]Jo-

yi"je tzj,yl",'je tg}j j=1 j=1

n n n n

wj wij wj wj
U e et U 3] Jem™ ] Jow™
spiEtly ofeiy; =1 j=1 niEf nhe fg; =1 j=1

U -Tler T e

YLj€ typ Yy € tyj

n n
w; w;
U -l 10-Gsa)" (-] [0-Gs)” )|
SLi€iL; SyjEiy; j=1 j=1
n n
w; wj
U (- T1e-)” ) (2= - Gma)” |
nLi€ fip Mgi€ fh; j=1 j=1

Where w; is the weight of A;(A;,4,,...,4,), w; €[0,1] and Yj-1w;j=1. Then IVBNHFWA,(A1,A,,...,A,) is called
IVBNHFW A and the result of the aggregation are still [VBNHFESs.

Theorem 3.2.
Let Aj = ([tITA]’ tl“]’A]]’ [llTA]’ ll“]-A]]' [fL‘:l]’fJA]]’ [tlTA]’ tl;A]]' [lZA]’ ll;A]]’ [fL;l]’fU_A]])ﬂ be a famlly of IVBNHFESs. Then,
1) Idempotency

IfA]- =Aforallj =1,2,..,nthen
IVBNHFWA, (A1, 4,,...,4,) = A
i) Monotonicity
IfA; < A]*-‘ forallj =1,2,..,n then
IVBNHFWA, (A, 4,,...,4,) < IVBNHFWA; (A7, 45,...,4})
i) Boundedness
min

{4} < IVBNHFWA (A1, Ay, ..., A) < {4}

j=12,.n j=12,..n

Proof. i) Idempotency
Since 4; = A = ([tia thal, [ifa, i5al, Ut foal [t tual, liza, ival, [fia, fyal), for all j, we have:
n

IVBNHFWA,,(Azzs;) = Z w;A;
j=1
n n

-« U 1—ﬁ(1—y:)wf,1—ﬁ(1—y5)wf U 3] Jeoe ] Jenert
j=1 j=1

+eo it L tert +eit steit | j= =
Vi Et], vpEL) sTeif, speig \J=1 j=1

(nz)wf,ﬁ(n;)wf U —ﬁ(—y;)“’f,—ﬁ(—ya)wf ,
1 j=1 j=1 j=1

YLELtL, YyEty

n

nieft, nyerg U=
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U 1 1—ﬁ(1—<—6;>)“f.— 1—11[(1—<—65>)“”1 :
j=1 j=1

Speif, SyEiy

(-] Ja =y ) - (1= [a- ) )p
n e, Mu€fy j=1 j=1

= U {1-a-ypH=e1 - a-ypH=ei), U {sy=ae1, (s3)%},
Hed steit speis
{@HT=es, iy}, U (P, —(—ygymerl,

nfeft, njefy YLELL VuELy

- (1- @ - coPe- (- - o) )

{— (1- (- Em)=),-(1- (- (—n&))zj:le)})
nLESL, Ny€fy
Since Z;‘zl w; = 1, we have:

- |J a-a-wa-a-wn | wnem ) .o
virett viet) steit, sheif nfeft, nherd
e ) F-a-ca)-(-a- )
YLELL Yy ty Speir, Syeiy
U  {-G-0-cm)-(-0-cam))h
nLE€fL, NyEfy

- |J woom | wnem | ey

Speiy, oyeiy

virett vietd steif, speif nfest, nherd
ooy | ©woem | ooy
YL EtL, YyEtly Sp€i, SyEily nLEfL, Nu€fy

([tia tial [ida, i5al, UL ffa) [t tual lita ioal, [fia, foal) = A
Which completes the proof of 1)
ii) Monotonicity
Since t;; < tZ'Aj*, and tjj,; < t{;Aj*,for all j, then we have

vii <viiL1-vl 21—y andy; <vi T 1-vE 21—y

n n n n
[Ta-my [ Ja-v)™ 23] [a-v)™ ] [ -v)”
j=1 j=1 j=1 j=1
n n n n
-] Ja-wpa-] Ja-wp”i=ii-TJa-w)™ -] Ja-v)”
j=1 i j=1 j=1 j=1

n n

U t-[Ja-»"t U {i-TJa-vn”

+ ot j= j=
VL€ tLaj Jj=1 Jj=1

+ ot
Yuji€tyaj
n n

| U f-Tla-e} U fi-lo-mo

+ ot j= j=
YLj€traj Jj=1 j=1

+ o
Yuj€tuaj

Since ify; < ifa; andifs; < ij,; forall j, then we have 6} < & and §; < &/

n n n n
[Ty [ Teosy™t <] JeorH™. ] Jee)™
j=1 j=1 j=1 j=1
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n
| | wj | | i
i€ ita; \J=1 (Sz”,jeigAl- j=1

AU (e ()

Since fi; = fih; and fif; = fifu; for all j, then we have nf; =nf; and nf; =n{;”

[f[mz,-)“f, J (n;,-)“f‘ e [ﬁ[(nz;)w%f[(na*)ﬂ

{ U {%i(nzj)“"}},{ U {ﬁ(na)‘“"}}
| \nij€ fiay \J=1 0 € fitay U=l
| \nij€ fa; L= nGj€ i aj

Since t;,; =tr,;" and ty,; = ty,; for all j, then we have y[j Z_VLJ s =V < —viyandyy; vy, —Yui < —VYui

n

l’—[( i) |G| < ﬁ(—y;j*)“”',ﬁ(—ya,-*)“”"

—F( i) =] [ = —ﬂ( vii )™, H( Vi

i {—;;—mff}} {yu,ym,{—w}}\
LU fIeer LU e

Since ip,; =iz, and iy,; = ig,; for all j, then we have 6;; =6, —6;; <=6, and &§; =657, =6y < —6y;75 1
(=6i;) 21— (=6;;")and 1 - (=6;;) =1—(-6;;")

n

[n(l—(—am)“fn o) ] [ﬂ@ s T -(-aa;))wf]
.

ER
A

j=1 j=1

[ -] - om) =] (- o)”
<{ 1_[ (—6&*))‘"j.1—__ (1_(_55;))‘“’}
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n n

2| Y d-l-Tle=ea” )i U (- ]0- o)

S7j€ LA j=1 87j€ La; j=1
. _ . _ s . _ Z - _ _ - - -
Since fi4; < fra; and fiy; < fy; for all j, then we have ny < nL].*, —ng = —nL].* and ny; < nU].*, —ny; = —nt*; 1-—

(-n;)) <1-(-ng)and 1= (-ng,) <1-(-n5’) ]

(160G T10- G| <[[T0- o)™ [0 o)

(- o) [T ()”
= [1=[10-(os)" =[] 0- ()
‘(l‘lj(l‘(—“if))wj = 1_H(1—(—nuj))wj
Hoefeor - e
U 1—; (1- ()" }Uf{ 1—ﬂ(1—<—n;>)°’f

Based on above analysis, we have
IVBNHFWA,,(Aznzs1, Aznzszs -+ Aznzsn) < IVBNHFWAL (Asnzs1, Aonzsas - Asnzsn)
which completes the proof of the theorem 1 ii).
iii) Boundedness
Similar to the proof of ii), thus omitted. O

Definition 3.3. (IVBNHFWG Operator)

Let Aj = ([t} tiajl [ifa ila) Uihjs foui] [tiaj toas) licaj ivaj] [fiaj fiaj])s be a family of IVBNHFEs. A mapping
IVBNHFWG,,: H, — H is called Interval Valued Bipolar Neutrosophic Hesitant Fuzzy Weighted Geometric (IVBNHFWG)
operator if it satisfies:

IVBNHFWG,, (A1, Ay,..., Ay) = ;lzl(Aj)“’f (10)

-« | ﬁ(yﬁ)“’lﬁ(ﬁj)w" :
j=1 j=1

+ ot ot ot
VL€ tLjYuj€ tyj

n n
1—1_[(1—55)“",1—1_[(1—551. s
stiEll 8fEly; j=1 j=1
n n
w; w;
1- (1—7723')]'1_1_[(1—775]')] )
Uzj'ef[;'r nZL,,-Eij j=1 j=1
n n
-\ \¥J —\\¥J
U (-1 )~ - Ta-a)” )
yL_je tij,yl}je tﬂj j=1 j=1
Vol. 28 No. 2 September 2021 ISSN: 2509-0119

280



Interval Valued Bipolar Neutrosophic Hesitant Fuzzy Sets and its Application on Multi-Attribute Decision-Making by Using Aggregation

Operator Method
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U -1 e -] Jeeam )
Spj€ir;, 8yj€iy; j=1 j=1
n n
C\NWj RN
O GRS B (G
L€ i NujE ST Jj=1 J=1
Where w; is the weight of  Ayuzsi(Aznzsi, Aznzsas--» Azmzsn),  wj €[0,1]  and "iwj=1. Then

IVBNHFWG,,(Asnzs1, Aznizsz - - -» Aznzsn) is called IVBNHFW G and the result of the aggregation are still [VBNHFEs.

Theorem 3.4.
Let A; = ([tfa tia] [ifag iai) g fioajl [60aj toaz) lizaj i0ajls [fiaj» fias]). be a family of IVBNHFESs. Then,

1) Idempotency
IfA]- =Aforallj =1,2,..,nthen

IVBNHFWG, (A, Ay,...,A,) = A

i) Monotonicity

IfA; < A]*-‘ forallj =1,2,..,n then
IVBNHFWG,, (A, Ay, ..., Ay) < IVBNHFWG (AT, 45,...,A)

i) Boundedness
min

"{A)} < IVBNHFWG,(Ar, Ay, A) < ™ {4))
Proof. i) Idempotency

Since Aj = A = ([t{4, tial, [ifa, (G4l [fi, fla) [ta tual, liza, igal, [fia fual), for all j, we have:
IVBNHFWG,,(4;) = X7, (4,)"

n n

- | ﬁ(y:)wf,ﬁ(y;)wf, U {i-[Ja-soeni-] Ja-spert.

vietfyhetd Li=1 j=1 steif, spei} j=1 j=1

n
1—1_[(1— Do, 1—1_[(1—77,,)“’1 :
ntert mgers U

- H(l—(y)) H(l—(yu)) ,

yLEtL Yu€ty =1
n
1_[( 5%, —1_[( s e 1_[( e || =] [ )b
S[eir, dyEiy NLE fi, NGE S j=1
- | {<y3>2f=1“’f,(y;)2f=1“’}, U {1—(1—6:)2f=1‘”1,1—(1—6J)E7=1“”'},
virettyhet) steif, sheif

[1-a-ghH¥=e1-a -y},
LS MGE ST . i,
- (1- (=)™ ) - (1- (- Gy ),
YLELtL, YyEty

U {(esomme—cspm=eo)l, | {(-emmne), (~copm=e)

sLEil, Syeiy nLEfL, MyEfy
Since Z;‘zl w; = 1, we have

- | wooem |J a-a-shi-a-epy

virettyietd steif, sheif
a-a-mi-a-nn ) {0-0-c0)-(1-0-ca)))
niEST NGESS YLELL YyEty
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(- | (e e
SLEif, Syeip nLEfL M€ fy
- |J wnoem |J wnhem ) @oen
YLEtLViEL] SLeif, 8hEiy nLE S e Sy
oo | e | e
YLEtL YyEty SLEi, Sy€iy nLE€fL, Nu€fy
([tZA' tl-'l-A]: [iZA' il-‘l-A]! [fL-;l’ fJA]J [tL_A’ taA]l [iEA' il;A]f [ij4’ fU_A]) =A

Which completes the proof of the theorem 1 1)
ii) Monotonicity
Since t},; < ti,; . and t},; <tj,; forallj, then we have:

vij < v andyg; <y o
n n n n
[Tos) ] Joan|< H(y:,- N, ﬂ(y;,- 0"
j=1 j=1 |

U ot U {TTowr”|{<| U {[Tear} U {TToan”

K +
ijehT vyjERT | viij € Rt vijEhT

Since if,; <if,; andif,; <if,; forallj, then we have SL] <6L] LOp <65 1-6=1-6} and1 -6, =1—6};"
n

ﬂ(l—s:, ) ﬂ(l 67 )"

1—1_[(1—5“ )1t < 1—1_[(1—5;].*)“’1'
j=1

n n
U si-Tla-a5)"t <9 | 1—1_[(1—5;.*)“’1'
yffje h1+1, j=1 y1+j€ h1+j j=1
Since fiy; = fLJ;U-*and fia; = fJAJ* for all j, then we have n;; = nfj*, ny; = 17{;]*, -ni; < +-*and 1—ng <1-ny

H(l—m,) ! n(l_nuj) ‘ ln(l—n“ )w] 1_[(1—7751 w’

1—ﬂ(1 m,)’l—ﬂ(l—m > —H(l—m,-)“’f,l—ﬂ(l—nz,-*f’f

j=1 j=1
n

w W

U 1—ﬂ<l—"u)’ U -] a-m”
nL]EfLA} ﬂLjeffAj j=1
n n

= U 1—n(1—ﬂfj*)wj , U 1—1_[(1—775j*)wj
N1 i€ fia j=1 1€ fila j=1
Since t;4; = t;4;" for all j, then we have:
VL] 2y Yoj Z YoV S VLG Yo < Yoy
= (rg) 21- () 1= (-vgy) 21 - (=vg))

[lj(l‘(‘yﬁ))wj*n( - ()" []_[ () ,n(l_(_m*))wf
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j=1 j=1
n n
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Since ip,; = ip,; " and iy, = iy,; *forallj,thenwehaveS >5L_]*,5§]- 2551-*, =8 < =67, —8y; < —6y;’.
n
—6;)“f,I_I(—6aJ“” < I‘]( 6" I_I( 6,7)"
j=1 j=1
n
| [, fk%f’z—ﬂe%f'fka)“
.=1 jet
U =Tt U Iﬁam%
sp;€ipa U J=1 55, €iga;
n
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Since fi,; < fia; forallj, then we have n;; SUL] Mgy < —Npj = N5 —Myj = —MNyj

Nyj
ﬂ( m,)“’} 2 ﬁ(—nij*)“”
ﬂ( nu)“”} < —ﬁ[(—m‘j*)w’
U ﬂ( -ni;)” }s U —f[(—n;,-*)“f

Based on the above analysis, we have:
IVBNHFWG,, (A4, A, ..., A,) < IVBNHFWG,, (A1, 45,...,Ay)
which completes the proof of the ii).
iii) Boundedness
Similar to the proof of ii), thus omitted. O

Definition 3.5. (Score, accuracy and certainty functions)
Let A;be an IVBNHFE in X = {xq,Xy, ..., Xp };
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Ay = {0, e G, i O, fit O, t7 (), iT (), fi (xi)) x; € X,i = 1,2,...,n}; the score function, accuracy function and
certainty function are effective tools to rank [IVBNHFEs, and here we give definitions of these functions. Then, the score functions
5(A,) and the accuracy function a(4,) and certainty function c¢(A4;) for IVBNHFS are proposed as follows:

1 Di
Zk 1Y L11+ Zk 1VU11 1__2 - 5L+1i

1 +1 _;Zk=1 6U1i +1- Zk 1nL11 - Zk 1nU11
s(4,) = 12 ‘ 1 @ry (11
+1+ r_izkzl yLli +1+ _Zk—l ]/Uli

1

1 Si —
- ;Zk:1 6L1i -
LS

Si -
k:16U1i Zk 1 Lll_ Zk 1nU11

Zk 1 Yiu + Zk 1VU11_ Zk 1 Ln_ Zk 177U11
a(4;) = _ (12)
Zk 1Yot o Zk 1Yuii — Z;<=1’7L1i _t_ixk;ﬂluu
S 1at; -

c(4y) = Zk 1VL11 +- Zk 1VU11 Zk:l Neai _t_izltczl Nu1i (13)
where:
tf (o) = (i lyd €t ()}, i (x) = {51 |6 €if ()}, fif (X) ={nfinf € if )Lty () = {yrlyr € tr ()} i7 (x) = {67167 €
1)} fi () ={ninr €ir ()}, Y1L [VLluVUlz] € tf(x), 511 = [52-11'; 6141-11'] € if (xp), 77; = [772-1it7731i] € fir(xy), Y1 =
Vi Yol € t1(x), 65 = [6110 6p1:] € i1 (x) ,m; = i o € fi (xp) for (0 = 1,2,...,n), and, l;, p;, q;, 73, S, £, are the
number of intervals in t; (x;), if (x;), fif (x), t1 (x;), i (x;), and f;~ (x;), respectively.

Based on the functions s(A) and a(A4), two IVBNHFEs can be compared and ranked. If score values s(A) are different, we can
rank them; if some of their score values are same, we continue to calculate accuracy values a(A4). Finally, if some of their accuracy
values present the same value a(A4), we continue to calculate certainty values c(A4).

We define the comparative relations for s(A), a(4) and c(A) as follows:

i) If s(A;) > s(A,), then A;is greater than A,, denoted by A,yz51 > Aznzsz;
ii) If s(A;) = s(4,) and a(4;) > a(A,), then A; is bigger than A, represented by 4; > A,;
iii) If s(A,) = s(4;) and a(4,) = a(A4;),and c(4;) > c(A;), then A, is greater than A4,, denoted by A; > A,.

IV. PROPOSED IVBNHFS-MADM APPROACH BASED ON THE IVBNHFWA OR IVBNHFWG OPERATORS

In this section, we provide an [IVBNHFS-MADM approach based on the IVBNHFWA or IVBNHFWG operators to deal with
IVBNHF information. In a MADM problem, assume that A; = A, Ay, ..., Ay, is a set of m alternatives and C; = Cy, (3, ..., Cy is a set

of n attributes. Suppose that the weight vector of € is @ = (@, Wy, ..., w,)" with w; € [0,1] and ¥7_, w; = 1. The evaluation value

of an alternative under an attribute can be expressed using an IVBNHFE. Then, we can construct a decision matrix with [VBNHF
information, and provide the following [VBNHFS-MADM procedures on the proposed [IVBNHFWA or IVBNHFWG operators.

Algorithm 4.1.
Step 1. Build the choice grid (decision matrix) as:

Bipmn = (A6)) = UG 7€) (6) fH (@) () (N1 G € Cj= 12,0}
where t}(C;) = {y+l-j|y+ij € t{r(C,-)}, i (¢,) = (6% 6%, €if(¢)}. and £(C) = {n+ij|n+ij Effr(Cj)}, i (c) =
{y_ifly_if Eti_(cf)} i (G) = {5_1'1"5_1'1' €i (G} and i (G) = { UL Ei-’(C-)} And vt = i) €
[01],8%; = [6’31"6&1] [0,1],7 [nLuinUu] €01y, = = |viijvuij] € [-1,01,67; = [, 64:;] € [—1,0] and
n ij = [nZij'naij] € [_1,0]~

Step 2. Calculate the aggregated value for each alternative using the IVBNHFWA or IVBNHFWG operators as: p;, =
IVBNHFWA(p;1, Diz) > Pin) 0F Dig = IVBNHFWG(p;1, Di2) -, Pin) Tor each p;(i = 1,2, ..., m)

Step 3. Obtain the score values s(p;,) or s(pig), accuracy function a(p;,) or a(pig) and certainty function c(p;,) or c(pig), if
necessary, of the collective IVBNHFE by Equations (11), (12) and (13).
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Step 4. Rank all the alternatives corresponding to the values of the results in the step 3, and select the best one(s) based on the largest
value of score values s(p;,) or s(pl-g).

Step 5. End
V. ILLUSTRATIVE EXAMPLE

This section introduces an illustrative case adapted from reference [38] to demonstrate the application of the above IVBNHFS-
MADM strategy. A company wants to invest some money in one of the four possible alternatives A;(i = 1,2,3,4). A4, 4,, A3,
and A4, represent a car company, a food company, a computer company, and an arms company, respectively.

The four alternatives need to be evaluated according to the four attributes C; (j = 1,2,3,4). Cq, C,, C3 and C4 represent

respectively the risk, the growth, the environmental impact, and the performance. Corresponding to the four attributes, the weight
vectoris w = (0.24,0.26,0.26,0. 24)T.

Step 1. An IVBNHF decision matrix (p;;)sxa is constructed, shown in Table .

TABLE 1. IVBNHF DECISION MATRIX.

(1
{{[0.5, 0.6]}, {[0.2, 0.3], [0.3, 0.4], [0.4, 0.5]}, {[0.1, 0.2], [0.2, 0.3], [0.3, 0.4], [0.4, 0.5], [0.5, 0.6], [0.6, 0.7]}, {[-
0.2, -0.11}, {[-0.6, -0.5], [-0.5, -0.4], [-0.4, -0.3], [-0.3, -0.2]}, {[-0.4, -0.3]}}
£{[0.1,0.2]}, {[0.3, 0.4], [0.4, 0.5], [0.5, 0.6], [0.6, 0.7], [0.7,0.8]}, {[0.2, 0.3], [0.3, 0.4]},
A, | {[-0.5,-0.4],[-0.4,—0.3],[-0.3,—0.2]}, {[—0.9, —0.8], [-0.8, —0.7], [-0.7, —0.6], [-0.6, —0.5], [—0.5, —0.4],
[—0.4,—0.3]}, {[-0.6,—0.5], [<0.5, —0.4], [—0.4, —0.3], [—0.3,—0.2], [-0.2, —0.1]}}
{{[0.4,0.5], [0.5,0.6], [0.6,0.7], [0.7,0.8]}, {[0.4,0.5], [0.5,0.6]}, {[0.4,0.5], [0.5,0.6]}, {[-0.3,-0.2],

A

43 {[-0.7.,-0.6],[-0.6,-0.5]}, {[-0.5.-0.4]}}
1 {{[0.6,0.7], [0.7,0.8], [0.8,0.9]}, {[0.3,0.4], [0.4,0.5], [0.5,0.6], [0.6,0.7], [0.7,0.8]}, {[0.5,0.6]},
4 {[-0.8,-0.7],[-0.7,-0.6], [-0.6,-0.5]}, {[-0.5,-0.4], [-0.4,-0.3], [-0.3,-0.2], [-0.2,-0.11}, {[-0.2,-0.1]}}
G,
{{[0.3,0.4], [0.4,0.5], [0.5,0.6], [0.6,0.7], [0.7,0.8],[0.8,0.9]}, {[0.1,0.2],[0.2,0.31,[0.3,0.4], [0.4,0.5], [0.5.0.6],
A, [0.6,0.7], [0.7,0.8]},1[0.2,0.3],[0.3,0.4], [0.4,0.5]}, {[-0.8,-0.7]}, {[-0.5,-0.4], [-0.4,-0.3],

[-0.3,-0.2], [-0.2,-0.1]}, {[-0.4,-0.3], [-0.3,-0.2], [-0.2,-0.1]} }
{{[0.2,0.31,[0.3,0.4], [0.4,0.5], [0.5,0.6], [0.6,0.7], [0.7,0.8]}, {[0.1,0.2],[0.2,0.31,[0.3,0.4]}, {[0.3,0.4]},4[-0.5.,-0.4],
A, [-0.4,-0.3], [-0.3,-0.2], [-0.2,-0.1]}, {[-0.3,-0.2], [-0.2,-0.1]}, {[-0.9,-0.8],
[-0.8,-0.71,[-0.7,-0.6], [-0.6,-0.5], [-0.5,-0.4]} }
{4[0.1,0.21,[0.2,0.31,[0.3,0.4], [0.4,0.5], [0.5,0.6]}, {[0.3,0.4], [0.4,0.5], [0.5,0.6], [0.6,0.7], [0.7,0.81,[0.8,0.9]},

A3 {[0.3,0.4], [0.4,0.5]}, {[-0.8,-0.7]}, {[-0.4,-0.3]}, {[-0.7,-0.6]}}
B {1[0-1,0.2}, {[0.8,0.91},1[0.2,0.31,[0.3,0.4], [0.4,0.5], [0.5,0.6], [0.6,0.7]}, {[-0.5,-0.4]}, {[-0.6,-0.5],
4 [-0.5,-0.4], [-0.4,-0.3]}, {[-0.5,-0.4], [-0.4,-0.3]}}
C3
{1[0-1,0.21,[0.2,0.31,[0.3,0.4], [0.4,0.5], [0.5.0.6]}, {[0.1,0.21,[0.2,0.31,[0.3,0.41, [0.4,0.5]1,
4, (10.1,0.21,[0.2,0.31,[0.3,0.4]}, {[-0.5,-0.4], [-0.4,-0.3], [0.3,-0.2]}, {[-0.7,-0.6], [-0.6,-0.5], [-0.5,-0.4],
[-0.4,-0.3]1, {[-0.4,-0.3], [-0.3,-0.2]}}
B T1[03,04]}, {[0.1,0.2],[0.2,0.31,[0.3,0.4], [0.4,0.5], [0.5,0.6]}, {[0.5,0.6], [0.6,0.7]}, {[-0.5,-04],
2 [-0.4,-0.3], [0.3,-0.2], [-0.2,-0.1]}, {[-0.8,-0.7]1, {[-0.9,-0.8]}}
B 11[0-3,0-4], [0-4,0.5], [0.5,0.6], [0.6,0.7], [0.7,0.8,[0.8,0.9]}, {[0.2,0.31,[0.3,0.4], [0.4,0.5], [0.5,0.6], [0.6,0.7],
3 [0.7,0.8]3, {[0.2,0.3]}, {[-0.5,-0.4]}, {[-0.6,-0.5]}, {[-0.7,-0.6]}}
B {1[0.2,0.31,[0.3,0.4], [0.4,0.5], [0.5,0.6], [0.6,0.7]}, {[0.5,0.6], [0.6,0.7], [0.7,0.8]}, [0.8,0.911,
4 ([-0.9,-0.8]}, {[-0.8,-0.71,[-0.7,-0.61,[-0.6,-0.5]},1[-0.5,-0.4], [-0.4.-0.3], [-0.3,-0.2]} }
Cy
A, {1[0.6,0.71, [0.7.0.81}, {[0.4,0.5], [0.5.0.6]}{[0.1,0.21,[0.2,0.3]}, {[-0.4.-0.3]}, {[-0.6,-0.5], [-0.5,-0.4],

[-0.4,-0.31}, {[-0.7,-0.6].[-0.6,-0.5]} }
{1[0.3,0.4], [0.4,0.5], [0.5,0.6], [0.6,0.7], [0.7,0.8]},{[0.3,0.4], [0.4,0.5], [0.5,0.6], [0.6,0.7],
A, [0.7,0.8],[0.8,0.97}, {[0.1,0.2]}, {[-0.8,-0.71,[-0.7,-0.6]}, {[-0.6,-0.5], [-0.5,-0.4]},
{[-0.4,-0.3], [-0.3,-0.2]}}
{4[0.7,0.81,[0.8,0.9]}, {[0.1,0.21,[0.2,0.3],[0.3,0.4]},1[0.2,0.3], [0.3,0.4], [0.4,0.5], [0.5,0.6]},
{[-0.7,-0.6]}, {[-0.9,-0.8],[-0.8,-0.7],[-0.7,-0.6],[-0.6,-0.5]}, {[-0.3,-0.2]}}
{{[0.4,0.5], [0.5,0.6], [0.3,0.4], [0.4,0.5]},{[0.1,0.2],[0.2,0.31,[0.3,0.4], [0.4,0.5], [0.5,0.6], [0.6,0.7]},
{[-0.3,-0.2], [-0.2,-0.11}, {[-0.6.,-0.5]}, {[-0.7,-0.6],[-0.6,-0.5],[-0.5,-0.4], [-0.4,-0.3]} }

Ay

Step 2. Calculate the aggregated value for each alternative using the IVBNHFWA or IVBNHFWG operators as: p;, =
IVBNHFWA(p11, P12, P13, P14) OF Dig = IVBNHFWG(P11, P12, P13, P14) for each p;(i = 1,2,3,4)
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For the IVBNHFWA, we have:

P1a = {{[0.397335317,0.503263331],[0.437541551,0.549324117],[0.415511345,0.520213179] ....
[—0.413357639,—0.310705404], [-0.430105733,—0.323567639 ], [—0.389367964, —0.286354092]}}
P2q = {{[0.230212918,0.33082037], [0.260455258, 0.36180178], [0.294694404,0.397774716] ......
[—0.623208823,—0.492121534], [-0.615204399, —0.484262328], [—0.600701823, —0.467466512]}}
Psq = {{[0.412383551,0.524530436 ],[0.466871325,0.597398376],[0.435469021, 0.546543535] ....
[—0.585181209, —0.48274477], [-0.555528705, —0.454288264 ], [—0.584396321, —0.479322162]}}
Psa = {{[0.348135775,0.454504981],[0.376044456,0.482950186],[0.370378948,0.475935642] .....
[—0.392871234, —0.289932083], [-0.359470386, —0.258171713], [-0.33082037,—0.230212918]}}
For the IVBNHFWG, we have:

p1g = {{[0.300995933,0.421098046], [0.31234018, 0.434811772],[0.36043622,0.467914985] ....
[—0.36817483,—0.254866895], [—0.354517153,—0.239625593 |, [—0.34164103, —0.229366349]}}
P2 = {{[0.207409396,0.314288667], [0.223517997, 0.333062183], [0.236869477,0.349230727] ......
[—0.43368927,—0.308164634], [—0.44317663,—0.320514805], [—0.413610498, —0.290794503]}}
psg = {{[0.412383551,0.416195897], [0.305694427,0.428128757],[0.319046162, 0.441056674] ...
{[-0.56031823, —0.457396491],[—0.539967378, —0.437813682 ]}, {[—0.526881419, —0.418196359]}}
Pag = {{[0.256754756,0.374020715], [0.270879975,0.390750151], [0.285300297, 0.403069306] .....
[—0.346410162,—0.234461817], [-0.331579081, —0.222235648], [-0.314288667, —0.207409396]}}

Step 3. Based on the score function of IVBNHFEs in Eq. (11), we get:
s(p1¢) = 0.5730, s(p,,) = 0.5905, s(p;3,) = 0.5828, and s(p,,) = 0.4713.
s(p1g) = 0.5172, s(p2y) =0.4969, s(psy) = 0.5206, and s(p,,) = 0.3787.

Step 4. Ranking the alternatives A; according to the score values.
From the results of step 3, the ranking order of the four alternatives is A, > A; > A; > A, for the IVBNHFWA and 45 > 4; >
A, > A, for the IVBNHFWG model. Therefore, the best alternative is A, or A;.

Step 5. End

VI. COMPARISON WITH EXISTING METHODS
To further validate the feasibility of above MADM methods, a comparison analysis was conducted with other method. To be
specific, the comparative study was based on the same illustrative example [38] in which the weight of attributes is w = (0.24, 0.26,
0.26, 0.24). Then, the results by utilizing different approaches with complete weight information are shown in Table II.

TABLE II. RESULTS OBTAINED BY UTILIZING THE DIFFERENT METHODS
Methods Final Ranking Best Worst
Alternative | Alternative
Interval Valued Bipolar Neutrosophic Sets [38] A, > A3 > A > A, A, A,
Our Method IVBNHFWA A, >A; > A > A, A, A,
IVBNHFWG A; > A > A, > A, Ay A,
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We can see the comparison analysis with the Fig. 1.
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Fig. 1. Comparison with existing methods

For different methods: Deli 's methods in [38], [VBNHFWA or IVBNHFWG, as we can see from Table II and Fig.1, the final
ranking may be different each other. For the compared method in [38], Deli and al. propose two kinds of aggregation operators, the
Interval Valued Bipolar Neutrosophic Weighted Average (IVBNWA) and Interval Valued Bipolar Neutrosophic Weighted
Geometric (IVBNWG) operators, which are also applied to MADM problems with Interval Valued Bipolar Neutrosophic
information.

Thus, according to the results presented in Table II and Fig.1, if the Interval Valued Bipolar Neutrosophic Sets operators [38] are
used, the desirable alternative is A4,, and if our method is utilized, the best choice is 4, or Az. Then, the [VBNHFWA ranking order
of the four alternatives is in agreement with the results of Deli 's method [38]. On the other hand, for all the compared methods, the
worst alternative is always A,. Therefore, for the same IVBNHF information, the results obtained by the proposed methods
(IVBNHFWA or IVBNHFWG) in this paper are consistent and accurate with those obtained using the IVBNS compared method in
[38], which further demonstrates the practicability in application of the [VBNHFWA and IVBNHFWG operators.

VII. CONCLUSION

In this paper, we have developed some new ideas of Interval Valued Bipolar Neutrosophic Hesitant Fuzzy Weighted Average
(IVBNHFWA) and Interval Valued Bipolar Neutrosophic Hesitant Fuzzy Weighted Geometric IVBNHFWG) operators to aggregate
the IVBNHFS. Also, we defined the score functions s(A), the accuracy function a(A) and the certainty function c(A). Moreover,
this paper presented the developed aggregation operators to IVBNHFS-MADM with IVBNHF information. Finally, an illustrative
numerical example is used to confirm the validity of the IVBNHFWA and IVBNHFWG operators approaches. The advantages of
this new approaches are that: (1) it is reliable and reasonable to aggregate the [IVBNHFS under the [IVBNHF information; (2) it offers
an effective and powerful mathematics tool for handling the [VBNHFS-MADM under uncertainty and can provide more reliable and
flexible aggregation results in [VBNHFS-MADM; (3) it not only considers relationships between the alternatives or the attributes,
but also takes into account the connection between alternative and itself or the interrelations between the attribute and itself,
furthermore, interrelationships between alternative or criteria are handled once. The new operators’ strategies provide some sensible
and solid [IVBNHFS-MADM aggregation operators, which expand the determination extent of the leader. Thus, in future work, we
will study more aggregation operators for IVBNHFS such as Hamacher, Einstein, Choquet, Dombi, .We will apply these to
IVBNHFS- MADM, data mining, game theory, medical diagnosis, fault diagnosis and pattern recognition.
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