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Abstract — In this paper, we construct an intuitionistic fuzzy soft subspaces for an intuitionistic fuzzy soft topology and intuitionistic fuzzy
soft product topology. Furthermore, we introduce some concept of intuitionistic fuzzy soft subspace and product topology like basis of
subspace and product topology of intuitionistic fuzzy soft set and establish some important theorem.
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I. INTRODUCTION

The concept of a fuzzy set was introduced by Prof. L.A. Zadeh [7] University of California, USA, in 1965 as a potensial tool
for handling imprecision and uncertainties, for the example like beautiful women, delicious food, etc.

A more general concept of the fuzzy set is an intuitionistic fuzzy set that was introduced by Atanassov [1] in 1980. In addition
to the degree of membership there is also a degree of non-membership in this set. In 1990, D. Molodtsov [2] was introduced a new
concept about soft set theory. Then, in 2001, Maji and friends [3] were developed the theory of intuitionistic fuzzy soft set by
combining the intuitionistic fuzzy set theory and soft set theory. In the development of set theory there is a term topology. Concepts,
properties, and operations contained in the topological space of the original set can also be applied within the intuitionistic fuzzy
soft topological space. In recent years, many researchers are interested in studying the concept of topology on fuzzy soft set and
intuitionistic fuzzy soft set. Such as Roy and Samanta [4] in 2012 put forward some ideas about fuzzy soft topological space, like
definition of basis and subbasis on fuzzy soft set with some theorems. Then , in 2013 Zhaowen and Rongchen [8] learn about
topological structures of intuitionistic fuzzy soft set that contains the definition of intuitionistic fuzzy soft basis, interior and closure.
In 2015, Shuker [6] studied the theory of closed set on intuitionistic fuzzy soft topological space. Some types of topological
structures are subspace topology and product topology. The concepts subspace topology and product topology of the original set
can also be applied to intuitionistic fuzzy soft subspace and product topology.

In this paper, we try to define some definitions on intuitionistic fuzzy soft set. Then we define subspace topology and product
topology on intuitionistic fuzzy soft set, basis for subspace and product topology of intuitionistic fuzzy soft set, and also here we
established some important theorems related to this topic.
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II. PRELIMINARIES
Let U is an initial universe set and E is the set of parameters. Let PV denote the power set of U.

Definition 2.1.([7]). A fuzzy set L in U is defined by:
L= {(x,uL(x))|x € U}
where p;: U - [0,1] is membership function and g, (x) represents the degree of membership of x € U. The collection of all
fuzzy sets on U is denoted by IY.

In general, for each x € A, [(x) is a fuzzy set of U, and can symbolize the membership function of [(x) by L, : U = [0,1].

Definition 2.2. ([1]). An intuitionistic fuzzy set F in U is defined by
F = {(x, s (), v (0) x € U}

where

upiU = [0,1]

v U - [0,1]
with the condition

0<ur(x)+vp(x) <1, Vx e U.
The number up(x) and vp(x) symbolized the degree of membership and non-membership of the element x € U to F. The

collection of all intuitionistic fuzzy sets on U is symbolized by IFY.

Definition 2.3.([1]). Let F, G € IFV, with
F= {(x' #F(x)! VF(X))|X € U}
and
G= {(x'lla(x)’va(x)”x e U}
then
(1) F issaid subset of G if and only if up(x) < pg(x) and vp(x) = v (x) forall x € U.

(2) FAG ={(x,min{up(x), ue ()}, max{ve (x), ve ()} |x € U}.

(3) FVvG ={(x,max{up(x), ug(x)}, min{ve (x),vs ()} |x € U}.
Definition 2.4.([1]). A set F where F = {(x,0,1)|x € U} is called intuitionistic fuzzy empty set. We symbolized by 0.
Definition 2.5.([1]). A set F where F = {(x, 1,0)|x € U} is called intuitionistic fuzzy universe set. We symbolized by 1.
Definition 2.6.([2]). A pair (F, A) is said a soft set in U where F is a mapping given by F: A - P(U) and A C E.
where P(U) is the power set of U.

Next, we will give the definition of fuzzy soft set by combining fuzzy set theory and soft set theory. Also definition of
intuitionistic fuzzy soft set by combining the concept of intuitionistic fuzzy set and soft set.

Definition 2.7.([3]). A pair (F, A) is said fuzzy soft set over U, if F is a mapping given by F: A —» IY. We symbolized (F, A) by F,.

Definition 2.8.([6]). A pair (f,A) is said an intuitionistic fuzzy soft set over U, where f is mapping given by f : A - IFV. We
symbolized (f, A) by f,4.

The collection of all intuitionistic fuzzy soft sets over U is symbolized by IFSU.

Definition 2.9.([6]). Let (f, A) and (g, B) be two intuitionistic fuzzy soft sets over U, and A,B S E.
(1) The intersection of (f,A) N (g,B) = (h,C) where C = AN B and Ve € C, h(e) = f(e) A g(e). We write f, N gg = he.
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(2) The union of (f,A) U (g,B) = (h,C) where C = AU B and Ve € C,
f(e), e€A—-B
h(e) =< g(e), e€EB—A
fle)vg(e), e€EANB
we write f, U gg = he.

(3) fa is called intuitionistic fuzzy soft subset of gz, if A € B and f(e) is intuitionistic fuzzy subset of g(e) for any e € A.
We write f, E gp.
(4) f4 and gp are called equal, if f; E gp and g E f,. We write f; = g5.

Definition 2.10.([6]). Let fz € IFSV.
(1) fz is said absolute intuitionistic fuzzy soft over U, if f(e) = 1 for any e € E. We symbolized it by I.
(2) f% is said null intuitionistic fuzzy soft over U, if f(e) = 0 for any e € E. We symbolized it by ®g.

Example 2.11. Let U = {x;, Xx,, x5, x,} be a universe consisting of four gown as possible alternatives, and let A = {e;, e,,e3} € E,
where e, e, and e; represent the parameters “beautiful”,”’expensive”, and “stylish”, respectively. Consider a soft set f; which
describes the “attractiveness of the gowns” that Miss X is going to buy. Let f; defined as follows
f(e1) = {(x1,0.7,0.2), (x4, 0.3,0.6), (x3,0.4,0.5), (x4, 0.8,0.2)}
f(e;) = {(x1,0.7,0.3), (x,,0.5,0.3), (x3,0.5,0.5), (xx4,0.9,0.1)}
f(es) = {(x41,0.8,0.2), (x,,0.2,0.7), (x3,0.6,0.3), (x4,0.9,0.1)}.
Thus
fa = {(eq,{(x4,0.7,0.2), (x,,0.3,0.6), (x3,0.4,0.5), (x,,0.8,0.2)}),
(e3,{(x41,0.7,0.3), (x5, 0.5,0.3), (x3,0.5,0.5), (x4, 0.9,0.1)}),
(es,{(x4,0.8,0.2), (x,,0.2,0.7), (x3,0.6,0.3), (x4, 0.9,0.1)H}.

Definition 2.12.([8]). Let IFSY is the family of all intuitionistic fuzzy soft sets over U, and E is a parameter set. Let T = IFSY.
Then 7 is said an intuitionistic fuzzy soft topology on U if it satisfies the following three conditions:

1) Py lpET.

(i) fg gg € T implies fz N gp € 7.

(i) {(f)g: @ € T} E Timplies L{(f,)g : « €T} € 1.

7 is said to be topology for an intuitionistic fuzzy soft over U and (U, E, T) is said an intuitionistic fuzzy soft topological space
in U. Each element of 7 is said an intuitionistic fuzzy soft open sets in U.

Example 2.13. Let U = {x;,x,} and E = {e;, e,}. Let f5, g € IFSY where
f(e1) = {(x1,0.7,0.2), (x,,0.2,0.6)},
f(ez) ={(x,0.7,0.1), (x5, 0.5,0.3)};
g(e)) = {(x1,0.6,0.2), (x,,0.3,0.5)},
g(e;) = {(x,0.7,0.2), (x5, 0.4,0.3)};
Let hg = fz U gg, where
h(e;) = {(x4,0.7,0.1), (x,,0.3,0.5)},
h(e,) = {(x,,0.7,0.2), (x,,0.5,0.3)};
and Iz = fg N gg, where
l(e;) = {(x4,0.6,0.2), (x5,0.2,0.6)},
l(e;) = {(x4,0.7,0.2), (x5, 0.4,0.3)}.
Thus, T = {®g, I, fz, g, he, Iz} 1s a topology for an intuitionistic fuzzy soft on U.
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Definition 2.14. ([5])
(1) Let 7 is the family of all intuitionistic fuzzy soft sets that can be defined in U. 7 is said discrete topology for an intuitionistic
fuzzy soft set on U, and (U, E, 7) is called an intuitionistic fuzzy soft discrete space over U.
(2) t = {Pg, I} is said the intuitionistic fuzzy soft indiscrete topology on U, and (U, E, t) is called an intuitionistic fuzzy soft
indiscrete space over U.

Definition 2.15. ([8]) Let (U, E, T) is an intuitionistic fuzzy soft topological space and  E t. f§ is a basis for , if for each g € 1,
there is B’ £ B such that gz = LI’

Example 2.16. Let 7 is the intuitionistic fuzzy soft topology in Example 2.13. Then, 8 that defined by 8 = {®g, I, fz, g, g} is a
basis for t. This statement will be shown using Definition 2.15. Note that T = {®, Iz, fz, gg, hg, [g} is an intuitionistic fuzzy soft
topology on U. Then, there is 8’ = {®} E B such that LI’ = @5 € t. Next, there is B’ = {®g, fz} E B such that LI’ = f; € 7.
There is B’ = {®g, gg} E B such that LU’ = gg €T. And then, there is B’ = {®g, fz, gg} E B such that LB = hy € 1.
Furthermore, there exists 8’ = {®g, [z} E B such that LIB' = Iy € 7, and there exists B’ = {®g, I, fz, g, lg} E B such that LIS’ =
lp € . Thus, B = {®g, I, fz, g, I} is a basis for 7.

III. SUBSPACE AND PRODUCT TOPOLOGY OF INTUITIONISTIC FUZZY SOFT SET

Let U is an initial universe set, E is the set of parameters, and IFSY is a collection of all intuitionistic fuzzy soft sets of U.

Theorem 3.1. Let (U, E, 7,) and (U, E, t,) are two intuitionistic fuzzy soft topologies over U. Denote the intersection of 7; and 7,
as 1, N1, = {flfs € 71, fz € 12}. Then 7, N 7, is also topology for it on U.

Proof. Let 7, and 7, be two intuitionistic fuzzy soft topology on U. Obviously @, Iy € T, N 7,. Let f;, gz € T N T, then fg, gg €
7; and fg, gg € T,. It is mean fz M gg € 7, and fz N gy € T,. Hence fz M g € 7, N 7,. Let {(fy)p : @ €} E 7, N 7,, then
(f g €1, and (f)gp €1, for any a €T. Since 7; and 7, are two intuitionistic fuzzy soft topologies on U, then
U{(f)g : @« €T} € 7, and LI{(fo)p : @ € T} € 7,,. Therefore, I{(fe)p: a €ETIET, NT,.m

Definition 3.2. Let (U, E, 7) is an intuitionisticfuzzy soft topological space, Y is a subset of U and hj; is an intuitionistic fuzzy soft
set on Y such that for every e € E,

1, x€Y
,LthE(X) = {0’ x e Y

0,0 x€eY
Vig (X) = {1, x¢Y.

Letty = {hz; N gp : gg € T,B S E}. Then 1y is said a subspace topology of intuitionistic fuzzy soft set over Y.

Theorem 3.3. Let (U, E, 7) is an intuitionistic fuzzy soft topological space, Y is a subset of U and hj is an intuitionistic fuzzy soft
set over Y such that for every e € E,

1, x€Y
,LthE(X) = {0’ x e Y

0,0 x€eY
Vig (X) = {1, x¢Y.

If B is a basis of intuitionistic fuzzy soft topology on U, then collection Sy = {hy; M f4 : f4 € ,A € E} is a basis for intuitionistic
fuzzy soft subspace topology on Y.

Proof. Since f, € § then f, € 7. Let f is a basis for 7, then for each f, € 7 there is 8’ E B such that f, = LIS". Since hy € IFSY
and f; € t, then (hg N f,) € 7y. Because

he N fy =hgn (UB) = LB
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Then for each (hg M f,) € Ty there is B’ E By E B such that hg M f, = LUB’. Hence, By is a basis of intuitionistic fuzzy soft
subspace topologyon Y. m

Definition 3.4. Let (U, E, 7) is an intuitionistic fuzzy soft topological space on U with topology 7 and (Y, E, 7y) is an intuitionistic
fuzzy soft topological space on Y with topology Ty, and Y € U. We say that intuitionistic fuzzy soft set hy is openin (Y, E, ty) if it
belongs to Ty.

Theorem 3.5. Let (U, E,7) is an intuitionistic fuzzy soft topological space on U and (Y, E,ty) is an intuitionistic fuzzy soft
topological space on Y. Let hy is an intuitionistic fuzzy soft set on Y. If j; is open in (Y, E, 7y) and hg is open in (U, E, 7), then jg
isopenin (U, E, 7).

Proof. Since ji is open in (Y, E, 7y), then jz € 7y and hy is open in (U, E, ), then hy € 7. Since ty is a subspace topology on Y,
then j; = hy M gg where gz € T and B € E. Since hy € T and gg € T, then j € 7. Thus, jg isopenin (U,E, 7). m

Definition 3.6. Let /[FSUs and IFSYz are two intuitionistic fuzzy soft spaces. Let f, € IFSUt and g, € IFSU2. The cartesian
product of fz, and gg,, denoted by fz, & gg, is an intuitionistic fuzzy soft set over U; X U, with regards to parameter set E; X E,
defined as below:
fe, ® gg,: Ey X E; — IFV1 X [FY2
(e1,€3) = f(e1) X g(ez)

such that f (e;) X g(e;) is the intuitionistic fuzzy product of intuitionistic fuzzy sets f(e;) and g(e,) where

Kf(en)xg(ez): U1 X Uz = [0,1]

(1, x2) + min {/“thl'/“thz}
Vi(enxg(en)' U1 X Uz — [0,1]

(x4, x5) » max {va1’ngz}'

Definition 3.7. Let IFSU1 and IFSU2 are two intuitionistic fuzzy soft spaces. Then
IFSY1 ® IFSYz = {5, ®YE, : f5, € IFS"l,gE2 € IFSU2}

is called the intuitionistic fuzzy soft Cartesian product of intuitionistic fuzzy soft spaces IFSUt and IFSYz.

Definition 3.8. Let (Uy, E;, 7,) and (U,, E,, T,) are two intuitionistic fuzzy soft topological spaces. The topology T® generated by
B = {fe, ® gg,  f&, € T1,gg, € T2} s called intuitionistic fuzzy soft product topology over U; X U,. We denote this new topology

by (U,E,®) where U = U; X U, and E = E; X E,.

Theorem 3.9. Let (U;, E;, t1) and (U,, E,, T,) are two intuitionistic fuzzy soft topological spaces. If § is a basis for intuitionistic
fuzzy soft topology on U; and y is a basis of intuitionistic fuzzy soft topology on U,, then the collection

6 ={fr, ® g, : f5, € B, 9, €V}
is a basis of intuitionistic fuzzy soft topology on U; X U,.

Proof. Since f;, € 5, then f;, € 7, and since gg, € v, then gg, € 7,. Let f is a basis for 7y, then for each f € 7, thereis f' E 8
such that fEl = lB’. Let y is a basis for 7, then for each Je, €T3 there is y' E y such that JE, = Lly’. Since

fe,® g, =U Uy ' =UE Ry
then there is (8’ ® ¥') E (B ® y) = & such that fr, ® gg, = LU(B’ ® y") for each fz, € 7, and g, € 7,. Hence, § is a basis for
intuitionistic fuzzy soft topology on U; X U,.

IV. CONCLUSION

In this research, we have studied about intuitionistic fuzzy soft set, some relations and operations of intuitionistic fuzzy soft set,
intuitionistic fuzzy soft topology, intuitionistic fuzzy soft subspace topology, basis for intuitionistic fuzzy soft subspace topology,
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intuitionistic fuzzy soft product topology, and basis for intuitionistic fuzzy soft product topology. An intuitionistic fuzzy soft
subspace topology is a collection of intersection of two intuitionistic fuzzy soft sets with one of them is an element of intuitionistic
fuzzy soft topology. Product topology of two intuitionistic fuzzy soft topological spaces is topology generated by basis, where
members of basis in form product of member two topology on intuitionistic fuzzy soft sets.
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