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I. INTRODUCTION 

Much attention is paid to the use of automated systems and their use in physical and mechanical properties in design and 
engineering work. Therefore, the implementation of design work on the basis of modern computer technology is developing rapidly. 

One of the main tasks in our country is the creation of software packages based on the use of mathematical modeling processes 
in design work, the development of convenient algorithms for their automation. 

The Action Strategy for 2017-2021 identifies key issues, including "... issues of accelerated introduction of information and 
communication technologies in the field of road transport, engineering and communications and social infrastructure ...". To solve 
such problems, the design process involves the development of various mathematical models, convenient and precise algorithms, 
the creation of specific software for them. 

II.  MATERIALS AND METHODS 

The problem of creating a mathematical model of the geometric nonlinear problem of the oscillating beam, i.e. the development 
of an equilibrium equation involving a definite process, serves as an answer to the above question. 

In the 70s of the last century, academician VK Kabulov developed mathematical models of the mechanics of many solids, ie 
mathematical models of the laws of displacement, stress and strain as a result of vibration of the body [2]. 

The problem of vibration of a flat rod as a result of stress and its mathematical model, taking into account the kinetic and 
potential energy, is given in the analytical formula [5], and the model for determining the tension of a rod with a right rectangular 
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cross section is given in [6]. To do this, the system of differential equations on the axes OX and OU and the corresponding boundary 
conditions are described. 

In general, great attention is paid to the automation of design and engineering issues using modern computers using physical 
and mechanical properties. 

Many existing large deflection problems are limited to seeing geometric nonlinear issues. The essence of the problem we are 
considering is that we consider the oscillation of the problem without a geometric line, taking into account the cross section of the 
beam.. 

III. THE MAIN PART

 Based on the Hamilton-Ostrogradsky variational principle, we derive a mathematical model of a vibrating beam, that is, a 
differential equation with a special product without a geometric line and its boundary, initial conditions [2-4]. The Hamilton-
Ostrogradsky principle of variation is expressed by the following formula [2]: 

𝛿 ∫ (𝐾 − П + А)𝑑𝑡 = 0
௧

  (1) 

Here 

𝛿𝐾 = ∫ 𝜌𝛿 ቀ
ଵ

ଶ
𝑉ଶሬሬሬሬ⃗ ቁ 𝑑𝑉 −  𝑣𝑎𝑟𝑖𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑘𝑖𝑛𝑒𝑡𝑖𝑐 𝑒𝑛𝑒𝑟𝑔𝑦

௩
(2) 

𝜌 − density; 

𝑉ሬ⃗ =
ப𝒰ሬ⃗

ப୲
 − velocity vector 

𝒰ሬ⃗ − 𝑚𝑖𝑔𝑟𝑎𝑡𝑖𝑜𝑛 𝑣𝑒𝑐𝑡𝑜𝑟 

According to the principle of action, potential energy is: 

𝛿П = ∫ σ௜௝𝛿𝜀௜௝𝑑𝑉
௏

  (3) 

Here σ௜௝ − 𝑣𝑜𝑙𝑡𝑎𝑔𝑒 𝑡𝑒𝑛𝑠𝑜𝑟 

𝜀௜௝  - voltage tensor; 

𝛿𝐴 = ∫ 𝑄 ሬሬሬ⃗
௏

𝛿𝑈ሬሬ⃗ 𝑑V+∫ 𝑁ሬሬ⃗
௦

𝛿𝑈ሬሬ⃗ 𝑑𝑠 −  (4) 

External power variation 

Here 

𝑄ሬ⃗ − volumetric force vector;      𝑁ሬሬሬ⃗ − surface force vector; 

Based on the hypothesis of plane sections, the components of the displacement vector at arbitrary points of the beam are 
represented by the following formula: 

𝒰ଵ = 𝒰 − ƶ
ப୛

ப௫
, 𝒰ଶ = 𝑉 = 𝑂, 𝒰ଷ = 𝑊  (5) 

Here 
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 𝒰, 𝑉, 𝑊 − the beam represents the midlines of the displacement vector. 

The relationship between voltage and voltage (Guk's law) for a beam is as follows: 

𝜎ଵଵ = 𝐸 ∗ 𝜀ଵଵ

𝜎ଶଶ = 𝜎ଷଷ = 𝜎ଵଶ = 𝜎ଶଷ = 𝜎ଷଵ = 0 
ൠ,                                          (6)

Here 

𝜀ଵଵ =
∂𝒰

∂x
− ƶ

∂ଶW

∂𝑥ଶ
+

σଵ

2
ቆ

∂𝒰

∂x
− 𝑍

∂ଶ𝑊

∂𝑥ଶ
ቇ

ଶ

 σଵ − 𝑎𝑛 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑛𝑢𝑚𝑏𝑒𝑟. 

The external power variation (4) is as follows: 

න 𝛿Adt = න න ቊ[𝑄ଵ + 𝑞ଵ
ା + 𝑞ଵ

ି]δ𝒰 + ቈ
∂M

∂x
𝑄ଵ + 𝑄ଷ +

∂𝑀௤భ
శ

∂x
−

∂𝑀௤భ
ష

∂x
+ 𝑞ଷ

ା + 𝑞ଷ
ି቉ δWቋ 𝑑𝑥𝑑𝑡 +

௫௧௧

 

+ ∫ ቄ𝑃ேభ
δ𝒰 − 𝑀ேഥభ

δ ቀ
ப୛

ப୶
ቁ + ቀ𝑃ேయ

− 𝑀ொభ
−𝑀௤భ

శ + 𝑀௤భ
షቁ𝛿𝑊ቅ 𝑑𝑡ቚ

௫
 ,  (7)

௧
 

Here 

𝑀ொതк
= ∫ ∫ ƶ𝑄к𝑑𝑧𝑑𝑦,

ƶ௬
  𝑀ேೖ

 = ∫ ∫ ƶ𝑁к𝑑𝑧𝑑𝑦;
ƶ௬

𝑃ேഥк
= ∫ ∫ 𝑁к𝑑𝑧𝑑𝑦,

ƶ௬
  𝑄к = ∫ ∫ 𝑄к𝑑𝑧𝑑𝑦; 

௭௬

𝑞к
ା(ି)

= 𝑞к
ା(ି)

; 𝑀௤భ
శ = 𝑞ଵ

ା ∗ ℎଵ; 𝑀௤భ
ష = 𝑞ଵ

ି ∗ ℎଶ; к = 1,3. 

Substituting (5), (7) -formulas into (4), (2), (3) -formulas with (5), (6) formulas and putting them in formula (1) we derive the 
equilibrium equation. 

𝒰, 𝑊 – An equilibrium equation is constructed based on the initial and boundary conditions to determine Thus the system of 
nonlinear differential equations of the equation of motion of the beam and the boundary and initial conditions of the natural state 
arise: 

−𝐹(𝑥)
∂ଶ𝑊

∂𝑡ଶ
− 𝛼ଵ𝑆(𝑥)

∂ଷ𝒰

∂x ∂𝑡ଶ
+ 𝛼ଶ𝐽(𝑥)

∂ସ𝑊

∂𝑥ଶ ∂𝑡ଶ
+

+
∂ଶ

∂𝑥ଶ
ቈ൬𝛼ଷ + 𝜎ଵ𝛼ସ

∂𝒰

∂х
൰ 𝑀(𝜎௫௫) − 𝜎ଵ𝛼ହ

∂ଶ𝑊

∂хଶ
𝐵(𝜎௫௫)቉ +

+𝛼ଷ

∂

∂x
൤
∂M

∂х
𝑃(𝜎௫௫)൨ +𝐹ଵ(𝑥, 𝑡) = 0

−𝐹(𝑥)
∂ଶ𝒰

∂𝑡ଶ
+𝛼ଵ𝑆(𝑥)

∂ଷ𝑊

∂x ∂𝑡ଶ
+

∂

∂x
ቈ ൬𝛼଻ + 𝜎ଵ𝛼ଷ

∂𝒰

∂X
൰ 𝑃(𝜎௫௫) − 𝜎ଵ𝛼ସ

∂ଶW

∂Xଶ
𝑀(𝜎௫௫)  ቉ +𝐹ଶ(𝑥, 𝑡) = 0

𝑥, 𝑡 ∈ 𝑄் ⎭
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎫

(8) 
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ቄ−𝛼ଵ𝑆(𝑥)
பమ𝒰

ப௧మ + 𝛼ଶ𝐽(𝑥)
பయௐ

ப୶ ப௧మ + 𝛼ଷ
ப୛

ப୶
𝑃(𝜎௫௫) +

+
ப

ப୶
ቂቀ𝛼ଷ + 𝜎ଵ𝛼ସ

ப𝒰

ப୶
ቁ 𝑀(𝜎௫௫) − 𝜎ଵ𝛼ଷ

பమௐ

ப௫మ 𝐵(𝜎௫௫)ቃ +𝐹ଷ(𝑥, 𝑡)ቅ 𝛿(𝑊)ቚ
௫

= 0

ቄቀ𝛼଻ + 𝜎ଵ𝛼ଷ
ப𝒰

ப୶
ቁ 𝑃(𝜎௫௫) − 𝜎ଵ𝛼ସ

பమௐ

ப௫మ 𝑀(𝜎௫௫) − 𝛼଼𝑃ேഥభ
ቅ 𝛿(𝒰)ቚ

௫
= 0

ቄቀ𝛼ଷ + 𝜎ଵ𝛼ସ
ப𝒰

ப୶
ቁ 𝑀(𝜎௫௫) − 𝜎ଵ𝛼ଷ

பమௐ

ப௫మ 𝐵(𝜎௫௫) − 𝛼ଷ𝑀ேഥభ
ቅ 𝛿 ቀ

ப୛

ப୶
ቁቚ

௫
= 0 

𝑡 > 0 ⎭
⎪
⎪
⎬

⎪
⎪
⎫

; (9) 

ቊ𝐹(𝑥)
∂W

∂t
+𝛼ଵ𝑆(𝑥)

∂ଶ𝒰

∂x ∂t
− 𝛼ଶ𝐽(𝑥)

∂ଷ𝑊

∂𝑥ଶ ∂t
ቋ 𝛿𝑊ቤ

௧

= 0

ቊ𝐹(𝑥)
∂𝒰

∂t
− 𝛼ଵ𝑆(𝑥)

∂ଶW

∂x ∂t
ቋ 𝛿𝒰ቤ

௧

= 0     𝑥𝜖(0,1)

ቊ−𝛼ଵ𝑆(𝑥)
∂𝒰

∂t
+𝛼ଶ𝐽(𝑥)

∂ଶW

∂x ∂t
ቋ 𝛿𝑊ቤ

௫

ቤ

௧

= 0
⎭
⎪
⎪
⎬

⎪
⎪
⎫

; (10) 

Here  𝑄் = {0 < 𝑥 < 1, 0 < 𝑡 ≤ 𝑇}; 

𝐹ത(𝑥) = 𝐹଴𝐹(𝑥), 𝑆̅(𝑥) = 𝑆଴𝑆(𝑥),  𝐽ഥ(𝑥) = 𝐽଴𝐽(𝑥),

𝑆1തതത(𝑥) = 𝑆ଵ଴𝑆1(𝑥), 𝐵1തതതത(𝑥) = 𝐵ଵ଴𝐵1(𝑥).

Here 𝐹ത(𝑥) = ∫ ∫ 𝑑ƶ𝑑𝑦
ƶ

,
௬

   𝑆ഥ(𝑥) = ∫ ∫ ƶ𝑑ƶ𝑑𝑦
ƶ

,
௬

  𝐽(̅𝑥) = ∫ ∫ ƶଶ𝑑ƶ𝑑𝑦
ƶ

,
௬

 

 𝑆1തതത(𝑥) = ∫ ∫ ƶଷ𝑑ƶ𝑑𝑦
ƶ

,
௬

  𝐵1തതതത(𝑥) = ∫ ∫ ƶସ𝑑ƶ𝑑𝑦
ƶ

,
௬

 𝐹଴
തതത(𝑥) =𝑚𝑎𝑥

𝑥
|𝐹ത(𝑥)| … . ; 

𝑃(𝜎௫௫) = ∫ ∫ 𝜎௫௫𝑑ƶ𝑑𝑦 = 𝐹(𝑥) ൤ቀ𝛽ଵ + 𝜎ଵ𝛽ଶ
డ𝒰

డ௫
ቁ

డ𝒰

డ௫
+ 𝛽ଶ ቀ

డௐ

డ௫
ቁ

ଶ

൨ − ቂ𝑆(𝑥) ቀ𝛽ଷ + 𝜎ଵ𝛽ସ
డ𝒰

డ௫
ቁ −

ଵ

ଶ
𝜎ଵ𝐽(𝑥)

డమௐ

డ௫మ ቃ
డమௐ

డ௫మƶ
; 

௬

𝑀(𝜎௫௫) = න න ƶ𝜎௫௫𝑑ƶ𝑑𝑦 = 𝑆(𝑥) ቈ൬𝛽ହ + 𝜎ଵ𝛽଺

𝜕𝒰

𝜕𝑥
൰

𝜕𝒰

𝜕𝑥
+ 𝛽଺ ൬

𝜕𝑊

𝜕𝑥
൰

ଶ

቉ −

ƶ௬

 

− ቈ𝐽(𝑥) ൬𝛽଻ + 𝜎ଵ𝛽଼

𝜕𝒰

𝜕𝑥
൰ −𝜎ଵ𝛽ଽ𝑆ଵ(𝑥)

𝜕ଶ𝑊

𝜕𝑥ଶ
቉

𝜕ଶ𝑊

𝜕𝑥ଶ
; 

𝐵(𝜎௫௫) = න න ƶଶ𝜎௫௫𝑑ƶ𝑑𝑦 = 𝐽(𝑥) ቈ൬𝛽ଵ଴ +
1

2
𝜎ଵ𝛽଻

𝜕𝒰

𝜕𝑥
൰

𝜕𝒰

𝜕𝑥
+

1

2
𝛽଻ ൬

𝜕𝑊

𝜕𝑥
൰

ଶ

቉ −

ƶ௬

 

− ቈ𝑆ଵ(𝑥) ൬𝛽ଵଵ + 𝜎ଵ𝛽ଵଶ

𝜕𝒰

𝜕𝑥
൰ − 𝜎ଵ𝛽ଵଷ𝐵ଵ(𝑥)

𝜕ଶ𝑊

𝜕𝑥ଶ
቉

𝜕ଶ𝑊

𝜕𝑥ଶ
; 

𝐹ଵ(𝑥, 𝑡) = 𝛼଺ ൬
డெ೜భ

ష

డ௫
+ 𝑄ଷ +

డெ
೜భ

శ

డ௫
−

డெ೜భ
ష

డ௫
+ 𝑞ଷ

ା + 𝑞ଷ
ି൰ ; 

𝐹ଶ(𝑥, 𝑡) = 𝛼଺(𝑄ଵ + 𝑞ଵ
ା + 𝑞ଵ

ି); 
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𝐹ଷ(𝑥, 𝑡) = 𝛼଼ቀ𝑃ேഥయ
− 𝑀ொതభ

− 𝑀௤భ
శ + 𝑀௤భ

షቁ;

𝛼ଵ =
𝑆଴

𝐹଴𝑙
,     𝛼ଶ =

𝐽଴

𝐹଴𝑙ଶ
,   𝛼ଷ =

1

𝑙ଶ
,   𝛼ସ =

1

𝑙ଷ
,     𝛼ହ =

1

𝑙ସ
,      𝛼଺ =

𝑙ସ

𝐸𝐽଴

,     𝛼଻ =
1

𝑙
; 

𝛼଼ = 𝛼଺ 𝑙⁄ ,   𝛼ଽ = 𝛼଺ 𝑙ଶ⁄ ;

𝛽ଵ =
𝐹଴

𝐽଴

𝑙ଷ,   𝛽ଶ =
1

2

𝐹଴

𝐽଴

𝑙ଶ,   𝛽ଷ =
𝑆଴

𝐽଴

𝑙ଶ,   𝛽ସ =
𝑆଴

𝐽଴

𝑙,   𝛽ହ =
𝑆଴

𝐽଴

𝑙ଷ,   𝛽଺ =
1

2

𝑆଴

𝐽଴

𝑙ଶ,    𝛽଻ = 𝑙ଶ, 

𝛽଼ = 𝑙,    𝛽ଽ =
ଵ

ଶ

ௌబ

௃బ
;       𝛽ଵ଴ = 𝑙ଷ, 𝛽ଵଵ =

ௌభబ

௃బ
𝑙ଶ, 𝛽ଵଶ =

ௌభబ

௃బ
𝑙,  𝛽ଵଷ =

ଵ

ଶ

஻భబ

௃బ
; 

𝑙 – the length of the beam 

We enter the following operators 

𝐿ଵ
(଴)(𝒰, 𝑊) =

∂ଶ

∂𝑥ଶ
ൣ𝛼ଷ𝑀(଴)(𝜎௫௫)൧; 

𝐿ଵ
(ଵ)(𝒰, 𝑊) =

∂ଶ

∂𝑥ଶ
൥𝛼ଷ𝑀(ଵ)(𝜎௫௫) + 𝜎ଵ ൭𝛼ସ

∂𝒰

∂x
𝑀(𝜎௫௫) − 𝛼ହ

∂ଶ𝒰

∂xଶ
𝐵(𝜎௫௫)൱൩ + 𝛼ଷ

∂

∂x
൤
∂W

∂x
𝑃(𝜎௫௫)൨ ; 

𝐿ଶ
(଴)(𝒰, 𝑊) =

ப

ப୶
ൣ𝛼଻𝑃(଴)(𝜎௫௫)൧; 

𝐿ଶ
(ଵ)(𝒰, 𝑊) =

ப

ப୶
ቈ𝛼଻𝑃(ଵ)(𝜎௫௫) + 𝜎ଵ ቆ𝛼ଷ

ப𝒰

ப୶
𝑃(𝜎௫௫) − 𝛼ସ

பమ୛

ப୶మ 𝑀(𝜎௫௫)ቇ቉ ; \ 

𝑙ଵ
(଴)(𝒰, 𝑊) =

ப

ப୶
ൣ𝛼ଷ𝑀(଴)(𝜎௫௫)൧; 

𝑙ଵ
(ଵ)(𝒰, 𝑊) =

ப

ப୶
ቈ𝛼ଷ𝑀(ଵ)(𝜎௫௫) + 𝜎ଵ ቆ𝛼ସ

ப𝒰

ப୶
𝑀(𝜎௫௫) − 𝛼ହ

பమ୛

ப୶మ 𝐵(𝜎௫௫)ቇ቉ + 𝛼ଷ
ப୛

ப୶
𝑃(𝜎௫௫); 

𝑙ଶ
(଴)(𝒰, 𝑊) = 𝛼଻𝑃(଴)(𝜎௫௫);

𝑙ଶ
(ଵ)(𝒰, 𝑊) = 𝛼଻𝑃(ଵ)(𝜎௫௫) + 𝜎ଵ ቂ𝛼ଷ

ப𝒰

ப୶
𝑃(𝜎௫௫) − 𝛼ସ

பమ୛

ப୶మ 𝑀(𝜎௫௫)ቃ ; 

𝑙ଷ
(଴)(𝒰, 𝑊) = 𝛼ଷ𝑀(଴)(𝜎௫௫);

𝑙ଷ
(ଵ)(𝒰, 𝑊) = 𝛼ଷ𝑀(ଵ)(𝜎௫௫) + 𝛿ଵ ቂ𝛼ସ

ப𝒰

ப୶
𝑀(𝛿௫௫) − 𝛼ହ

பమ୛

ப୶మ 𝐵(𝜎௫௫)ቃ ; 

𝑃(଴)(σ௫௫) = 𝛽ଵ𝐹(𝑥)
ப𝒰

ப୶
− 𝛽ଷ𝑆(𝑥)

பమ୛

ப୶మ ; 

𝑃(଴)(𝜎௫௫) + 𝑃(ଵ)(𝜎௫௫) = 𝑃(𝜎௫௫); 
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𝑀(଴)(𝜎௫௫) = 𝛽ହ𝑆(𝑥)
ப𝒰

ப୶
− 𝛽଻𝐽(𝑥)

பమ୛

ப୶మ ; 

𝑀(଴)(𝜎௫௫) + 𝑀(ଵ)(𝜎௫௫) = 𝑀(𝜎௫௫), 

Thus we write questions (8) - (10) as follows: 

பమ

ப୶మ ቂ𝐹(𝑥)𝑊 + 𝛼ଵ𝑆(𝑥)
ப𝒰

ப୶
− 𝛼ଶ𝐽(𝑥)

பమ୛

ப୶మ ቃ − ൣ𝐿ଵ
(଴)(𝒰, 𝑊) + 𝐿ଵ

(ଵ)(𝒰, 𝑊) + 𝐹ଵ(𝑥, 𝑡)൧ = 0

பమ

ப୶మ ቂ𝐹(𝑥)𝒰 − 𝛼ଵ𝑆(𝑥)
ப୛

ப୶
ቃ − ൣ𝐿ଶ

(଴)(𝒰, 𝑊) + 𝐿ଶ
(ଵ)(𝒰, 𝑊) + 𝐹ଶ(𝑥, 𝑡)൧ = 0

ቑ ; (11) 

ቄ
பమ

ப୶మ ቂ𝛼ଵ𝑆(𝑥)𝒰 − 𝛼ଶ𝐽(𝑥)
ப୛

ப୶
ቃ − ൣ𝑙ଵ

(଴)(𝒰, 𝑊) + 𝑙ଵ
(ଵ)(𝒰, 𝑊) + 𝐹ଷ(𝑥, 𝑡)൧ቅ 𝛿𝑊ቚ

௫
= 0; 

ቄ𝑙ଶ
(଴)(𝒰, 𝑊) + 𝑙ଶ

(ଵ)(𝒰, 𝑊) − 𝛼଼𝑃ேഥభ
ቅ𝛿𝒰ቚ

௫
= 0; 

ቄ𝑙ଷ
(଴)(𝒰, 𝑊) + 𝑙ଷ

(ଵ)(𝒰, 𝑊) − 𝛼ଽ𝑃ேഥభ
ቅ𝛿 ቀ

ப୛

ப୶
ቁቚ

௫
= 0; 

We consider the following specific issue, for example the moving beam. The initial and boundary conditions for this are as 
follows: 

𝒰(0, 𝑡) = 𝜑ଵ(𝑡),   𝑊(0, 𝑡) = 𝜑ଶ(𝑡), 
பௐ(଴,௧)

ப௫
= 𝜑ଷ(𝑡);   (12) 

பమ

ப୶మ ቂ𝛼ଵ𝑆(𝑥)𝒰 − 𝛼ଶ𝐽(𝑥)
ப୛

ப୶
ቃ − ൣ𝑙ଵ

(଴)(𝒰, 𝑊) + 𝑙ଵ
(ଵ)(𝒰, 𝑊) + 𝐹ଷ(𝑥, 𝑡)൧ቚ

௫ୀଵ
= 0

𝑙ଶ
(଴)(𝒰, 𝑊) + 𝑙ଶ

(ଵ)(𝒰, 𝑊) − 𝛼଼𝑃ேഥభ
ห

௫ୀଵ
= 0

𝑙ଷ
(଴)(𝒰, 𝑊) + 𝑙ଷ

(ଵ)(𝒰, 𝑊) − 𝛼ଽ𝑃ேഥభ
ห

௫ୀଵ
= 0

𝑡 > 0 ⎭
⎪
⎬

⎪
⎫

;  (13) 

𝒰(𝑥, 0) = 𝒰ത(𝑥), 𝑊(𝑥, 0) = 𝑊ഥ (𝑥), 𝑥𝜖[0,1];   (14) 
ப

ப୲
ቂ𝐹(𝑥)𝒰 − 𝛼ଵ𝑆(𝑥)

ப୛

ப୶
ቃቚ

௧ୀ଴
= 0;     𝑥𝜖[0,1];  (15) 

ப

ப୲
ቂ𝐹(𝑥)𝑊 + 𝛼ଵ𝑆(𝑥)

ப𝒰

ப୶
− 𝛼ଶ𝐽(𝑥)

பమ୛

ப୶మ ቃቚ
௧ୀ଴

= 0;   𝑥𝜖(𝑜, 1)  (16) 

ப

ப୲
ቂ𝛼ଵ𝑆(𝑥)𝒰 − 𝛼ଶ𝐽(𝑥)

ப୛

ப୶
ቃቚ

௫ୀଵ
ቚ

௧ୀ଴
= 0, (17) 

Here 𝒰ത(𝑥) 𝑖 𝑊ഥ (𝑥) − 𝑖𝑠 𝑡ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑡𝑜 𝑡ℎ𝑒 𝑝𝑟𝑜𝑏𝑙𝑒𝑚. 

𝐿ଵ
(଴)(𝒰, 𝑊) + 𝐿ଵ

(ଵ)(𝒰, 𝑊) + 𝐹ଵ(𝑥, 0) = 0

 𝐿ଶ
(଴)(𝒰, 𝑊) + 𝐿ଶ

(ଵ)(𝒰, 𝑊) + 𝐹ଶ(𝑥, 0) = 0

𝒰(0) = 𝜑ଵ(0);   𝑊(0) = 𝜑ଶ(0),
ப୛ (଴)

ப୶
= 𝜑ଷ(0) 

𝑙ଵ
(଴)(𝒰, 𝑊) + 𝑙ଵ

(ଵ)(𝒰, 𝑊) + 𝐹ଷ(𝑥, 𝑜)ห
௫ୀଵ

= 0

𝑙ଶ
(଴)(𝒰, 𝑊) + 𝑙ଶ

(ଵ)(𝒰, 𝑊) − 𝛼଼𝑃ேഥభ
ห

௫ୀଵ
= 0

𝑙ଷ
(଴)(𝒰, 𝑊) + 𝑙ଷ

(ଵ)(𝒰, 𝑊) − 𝛼ଷ𝑃ேഥభ
ห

௫ୀଵ
= 0 ⎭

⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎫

; (18) 
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IV. CONCLUSION

From the above formulas it can be seen that if the cross section of the beam is constant and symmetrical, i.e. S(x)=0, σ1=0 and 
(11) comes to the nonlinear problem given in formula [3]. 

Thus, the mathematical model of the general problem of the oscillating beam without a geometric line is described in the form 
of formulas (11), (18) based on the principle of variation. 
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