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Abstract - We apply the semi-inverse method to formulate variational principle for a non-autonomous cubic-quintic discrete nonlinear 
Schrödinger equation. The equation can describe the optical beam propagation in coupled nonlinear waveguides whose material is 
better modeled by competing cubic and quintic nonlinearities. Our formulation is performed by introducing integrating factors and an 
unknown function into the existing variational principle of the corresponding autonomous version. From the obtained result we confirm 
the effectiveness of the method.  
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I. INTRODUCTION 

The discrete nonlinear Schrödinger (DNLS) equation is 
one of the most fundamental nonlinear discrete models, 
because it describes many important phenomena in various 
applications, such as dynamics of nonharmonic coupled 
oscillator systems, optical beam propagation in coupled 

nonlinear waveguides, and dynamics of Bose-Einstein 
condensation (BEC) [1]. There are many variations of this 
equation and they are often named based on its nonlinearity. 
For example, the DNLS equation with cubic and quintic 
nonlinearities is called as cubic-quintic DNLS equation and 
is expressed as [2] : 

 ���� � ������� � 2�� ������ � �|��|��� � �|��|��� , (1) 

   

Where �� ≡	����� ∈ �		is a wave function at time � ∈
��	 and site � ∈ � , ��� 	 represents the derivative of the 
function ��  with respect to  � , and �  and �  measure the 
cubic and quintic nonlinearity strengths, respectively.  

In the context of application in optical beam of coupled 
nonlinear waveguides, the quantity |��|�  in Eq. (1) 
represents the intensity of optical field. When � � 0, which 
corresponds to a medium with a Kerr nonlinearity, Eq. (1) 
becomes a cubic DNLS equation and is very much studied 
in many literatures (see, e.g., [1] and the references therein). 

However, recent experiment [3] has confirmed that the 
nonlinear effect on some waveguide material is better 
modeled by the addition of competing quintic nonlinearity, 
i.e. when � � 0 and � � 0.  

One of the analytical approaches which is often used to 
investigate the existence and stability of solutions of the 
DNLS equations is the so-called variational approximation 
method. This method is developed based on the principle of 
the least action which states that the equation of motion is 
determined by the critical points of its action, i.e. the 
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integral or sum of Lagrangian with respect to time [4]. The 
Lagrangian, or also known as variational principle, plays an 
important role in both physics and mathematics. It has been 
mostly formulated by the Noether’s theorem (see, e.g., [5]), 
but its derivation is rather cumbersome mathematically. As 
an alternative method, He has developed the so-called semi-
inverse method [6] to construct variational principle for 
continuous system with simple and effective calculations. 

Many researchers have used the He’s method in various 
sytems (see, e.g., [7, 8, 9, 10]).  

In this paper, we apply for the first time, to the best of 
our knowledge, the semi-inverse method for establishing 
variational principle for discrete system, by taking example 
in a non-autonomous cubic-quintic discrete nonlinear 
Schrödinger (QC-DNLS) equation in the form : 

 ����� � ������� � 2�� � ����� � �|��|��� ��|��|��� . (2) 

In the context of continuous system, the corresponding 
non-autonomous nonlinear Schrödinger equation has been 
investigated for soliton management, such as dispersion and 
nonlinearity management in optics, and dispersion 
management in atomic and condensed-matter physics [11].  

The rest of this paper is presented as follows. In Sec. 2, 
we firstly discuss the variational principle  for the 
autonomous QC-DNLS equation (1) as given in [2], and 
then provide its justification. In Sec. 3, based on the result in 
Sec 2, we apply the semi-inverse method to formulate the 
variational principle for the non-autonomous QC-DNLS 
equation (2). Finally, we state our conclusion in Sec. 4. 

II. VARIATIONAL PRINCIPLE FOR THE AUTONOMOUS 

SYSTEM  

In order to construct the variational principle for the non-
autonomous QC-DNLS equation (2), let us first consider the 
variational principle for the corresponding autonomous 
version, i.e. Eq. (1), which is provided in the following 
lemma. 

Lemma 1. [2] The variational principle for Eq. (1) is given 
by :

 

								� � �
�
2
���

∗��� ������∗�	
�

����

� ����
∗���� � ������	

∗ � 2|��|�� �
�
2
|��|� �

�
3
|��|�,								�3� 

where ��
∗ represents complex conjugate of �� . 

Proof. The variational principle for Eq. (1) is justified by 
substituting Eq. (3) into the following Euler-Lagrange 
equation  
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from which Eq. (1) is obtained. Note that for any � �
� ∈ �, the Lagrangian (3) can be written as : 
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From Eq. (5), we have 
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After replacing � by � and upon substituting the above 

results into Eq. (4), one will produce Eq. (1) as expected.  
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III. VARIATIONAL PRINCIPLE FOR THE NON-
AUTONOMOUS SYSTEM 

To formulate the variational principle for Eq. (2), we 
follow the semi-inverse method [6] by introducing ���� , 

���� and ����, which are unknown functions of �, into Eq. 
(3) as follows : 
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where � is an unknown function of ��, ��
∗, and/or its derivatives. Substituting Eq. (6) into the Euler–Lagrange equation (4) yields 
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where  ��
���∗

  is called variational derivative which is defined as 
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By comparing Eq. (7) with Eq. (2), one will obtain the following results 
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from which we can identify �	in the form  
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�
2
|��|�. 

(9) 

Finally, we obtain the variational principle for Eq. (2) which is given by  
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IV. CONCLUSION 

In this paper, we have formulated variational principle 
for a non-autonomous cubic-quintic discrete nonlinear 
Schrödinger equation (2) by employing the semi-inverse 
method. Formulation of the variational principle was 
performed by introducing integrating factors and an 
unknown function into the existing variational principle of 
the autonomous version of the equation. From the 
calculation process, we confirmed the effectiveness and 
conciseness of the method.  
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